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A new method for determining transport data of fluids by molecular dynamics simulations is 

presented. It is versatile, accurate, efficient, and robust. Its novelty is that a velocity and a 

temperature gradient are applied simultaneously. The thermal conductivity and the shear 

viscosity are determined. Also cross-effects and the gradient dependence of the transport 

properties can be studied. Furthermore, data on the self-diffusion coefficient is obtained. In a 

variant of the method, large temperature gradients are applied such that temperature-

dependent transport property data are obtained. The new method is successfully tested using 

the Lennard-Jones truncated and shifted fluid as an example.  
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ABSTRACT
A method for the simultaneous determination of the thermal conductivity λ and
the shear viscosity η of fluids by non-equilibrium molecular dynamics simulations is
presented and tested using the Lennard-Jones truncated and shifted fluid as example.
The fluid is studied under the simultaneous influence of a temperature gradient
∂T/∂y and a velocity gradient ∂v/∂y and the resulting heat flux and momentum
flux are measured to determine λ and η. The influence of the magnitude of ∂T/∂y
and ∂v/∂y on λ and η is investigated. The cross-effects are negligible, even for large
gradients. The same holds for the influence of ∂T/∂y on λ. However, there is a
significant influence of ∂v/∂y on η, i.e. shear-thinning. The two-gradient method
is applied in different ways: for small ∂T/∂y temperature-averaged values of λ and
η are obtained. As ∂T/∂y has no significant influence on the results, simulations
with large ∂T/∂y are evaluated using the local-equilibrium assumption, such that
values are obtained at different temperatures in a single simulation. In addition to
the results for λ and η, also results for the self-diffusion coefficient D are determined
from evaluating the mean squared displacement. The new two-gradient method is
robust, efficient, and yields accurate results.

KEYWORDS
NEMD; thermal conductivity; shear viscosity; self-diffusion coefficient;
Lennard-Jones; LJTS; simple fluid; shear flow; shear-thinning; cross-effects

1. Introduction

Molecular dynamics (MD) simulations are widely used for determining transport prop-
erties of fluids. These simulations are still computationally expensive. Thus, in the
present work a new efficient method for determining transport properties of fluids with
MD simulations was developed and tested.

Transport properties can be determined with equilibrium molecular dynamics
(EMD) or with non-equilibrium molecular dynamics (NEMD) simulations. In EMD
usually the Green-Kubo method is used. For NEMD different techniques have been
developed, where either a temperature gradient [1–4] or a velocity gradient [5–11] is
prescribed and the corresponding flux is calculated, or vice versa. The latter is some-
times called reverse NEMD [12, 13]. For a general introduction into the determination

CONTACT Martin P. Lautenschlaeger. Email: Martin.Lautenschlaeger@mv.uni-kl.de

Page 4 of 31

URL: http://mc.manuscriptcentral.com/tandf/tmph  Email: TMPH-peerreview@journals.tandf.co.uk

Molecular Physics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review Only

of transport properties by MD simulations and a more comprehensive overview, see
[14–16].

The main new feature of the method presented here is that a temperature gradient
∂T/∂y and a velocity gradient ∂v/∂y are applied simultaneously such that the thermal
conductivity λ and the shear viscosity η can be determined in a single simulation run.
The new method is therefore referred to as ’two-gradient method’ in the following.

It is well known from transport theory that a superposition of gradients may lead to
cross-effects. I.e. the heat flux j is not independent of the velocity gradient ∂v/∂y and
the momentum flux σ is not independent of the temperature gradient ∂T/∂y. The two-
gradient method can be used to study such cross-effects as well as the dependency of
λ on ∂T/∂y and that of η on ∂v/∂y. It is tested here for the Lennard-Jones truncated
and shifted (LJTS) fluid. Even for large gradients, the cross-effects are found to have
no significant influence. The same holds for the influence of ∂T/∂y on λ. In contrast,
the well-known shear-thinning, i.e. a reduction of η with increasing ∂v/∂y is observed.

As an additional feature, the self-diffusion coefficientD is determined simultaneously
with λ and η from the mean squared displacement.

The two-gradient method is applied here in different ways. They have in common
that periodic boundary conditions are applied such that the simulation volume is at
constant pressure.

1) Both gradients are small and the results for λ, η, and D are averaged along the
gradients and assigned to a single state. This is called ’global method’ here.

2) The temperature gradient is large and the velocity gradient is small. The assump-
tion of local equilibrium [1, 17] is applied and results for λ, η, and D are obtained for
different temperatures in a single simulation run. This is called ’local method’ here and
it is based on the ideas proposed in [18–20].

In both the global and the local method, the gradient is applied by the specification of
states in spatially separated control volumes. The fluid between these control volumes
is unconstrained. This may lead to viscous heating for large values of the velocity
gradient.

3) Therefore, for systematic studies of the influence of the velocity gradient a variant
of the global method is used in which a small and perfectly linear temperature gradient
is applied via a series of thermostats. Thus, the effects of viscous heating are prevented
and the velocity gradient can be increased up to large values. This is called ’shear rate
study method’ here.

The applicability of all methods is tested by calculating λ, η, and D of the LJTS
fluid. However, it is not in the scope of the present work to perform a comprehensive
study of transport properties of the LJTS fluid. The global method is tested for one
subcritical and one supercritical isotherm. The local method is tested for a series of
supercritical states along a single isobar. The shear rate study method is tested at a
single liquid state point at low temperature. Good agreement with literature data is
observed in all cases.

The two-gradient method is simple, intuitive, and easy to implement. Nonetheless,
it is robust, efficient, accurate, and flexible. It is described here for pure simple fluids.
But with only minor adaptions it can also be applied to more complex fluids and fluid
mixtures.

This paper is organized as follows: in Section 2 the two-gradient method is introduced
and the three variants mentioned above are discussed. In Section 3 the simulation setup
that was used in the present work and the LJTS force field are specified. In Section
4 preliminary investigations on the choice of the two gradients and their influence
on the transport properties are described. Results of tests of all three variants of the
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two-gradient method are presented in Section 5. In that section also the results of the
studies on shear-thinning are reported. Conclusions are drawn in Section 6.

2. Two-Gradient Method

2.1. Overview

In the two-gradient method a simulation box with periodic boundary conditions in all
directions is used. It is completely filled with fluid. The mean particle density in the
simulation box is prescribed. There are no walls, so that surface effects are excluded.
Due to the periodic boundary conditions, the pressure in the box fluctuates around
a constant value. The magnitude of the pressure depends on the choice of the initial
density and the gradients that are applied.

Figure 1 shows a sketch of the setup. It is symmetrical in y-direction. The shear flow
is in +x-direction. The temperature and the velocity are prescribed in certain control
volumes using Gaussian isokinetic thermostats [21] and constraining the equations of
motion, respectively. The size of the control volumes for the temperature and the
velocity may differ.

The following summary description holds for the global and the local method. For
the shear rate study method some modifications are applied that are described further
below. The gradients are applied as follows: in the control volumes at the two borders
of the box in y-direction, the mean temperature is high (Thot) and the mean velocity is
zero (vx = 0). In the control volumes in the middle of the box the mean temperature
is low (Tcold) and the mean velocity is high (vx = vmax). No constraints other than
those are applied. The temperature and velocity profiles outside the control volumes
are a response. For determining the profiles, the simulation box is uniformly discretized
in y-direction so that flat bins with equal thickness are obtained. In each bin the scalar
properties number density ρ and temperature T , the vectors velocity v and heat flux
j, as well as the stress tensor σ are calculated separately as block averages. From
those λ and η are determined in the unconstrained regions using transport ansatzes,
i.e. Fourier’s and Newton’s law, respectively. Details are given below for the case of
pure simple fluids.

2.2. Fundamentals

Directed velocities. The instantaneous velocity vi of each particle i can be written
as

vi = vdir + vi,therm. (1)

The first term on the right-hand side of Equation 1 is the directed macroscopic flow
velocity. The second term is the undirected thermal velocity. It is determined as the
time-average of the instantaneous velocities. Details are given in Appendix B.
Temperature. The temperature is calculated from the kinetic energy of the undirected
thermal velocity:

T =

Nbin∑
i
mi v

2
i,therm

3NbinkB
, (2)

3
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Figure 1.: Scheme of the simulation setup used for the two-gradient method. The
control volumes in which the temperature and the velocity are prescribed are marked
in blue and red. The shear flow is in +x-direction. Exemplary temperature and velocity
profiles are depicted at the bottom. The dashed lines indicate responses. Within the
control volumes the mean temperature and the mean velocity are adjusted leading to
an upper and lower bound value indicated by the solid vertical lines.
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where Nbin is the number of particles per bin, mi is the mass of a single particle, and
kB is the Boltzmann’s constant.
Heat flux vector and stress tensor. The local heat flux vector j is calculated
following the approach by Irving and Kirkwood [22]:

jk =
1

Vbin

Nbin∑
i

(
1

2
mi v

2
i,l,therm

)
vi,k,therm +

1

2

Nbin∑
i

NNeighbor∑
j 6=i

rij,k (F ij,l vi,l,therm) (3)

+
1

2

Nbin∑
i

NNeighbor∑
j 6=i

Φ(rij)vi,k,therm

 .
jk is the component of the heat flux vector in k-direction (k = x, y, z). Vbin is the
bin volume. NNeighbor is the number of interacting neighbors per particle i. vi,k is
the instantaneous velocity of particle i in k-direction. rij,k and F ij,l are the k- and
l-component of the distance and the force vector between the two particles i and j,
respectively. Φ(rij) is the interaction potential between the particles i and j.

The local stress tensor σ is also calculated following the approach by Irving and
Kirkwood [22]:

σkl =
1

Vbin

Nbin∑
i

mi vi,k,therm vi,l,therm +
1

2

Nbin∑
i

NNeighbor∑
j 6=i

rij,k F ij,l

 . (4)

The index kl is the component of the stress tensor in the kl-plane (k, l = x, y, z). The
hydrodynamic pressure follows as

p =
1

3
tr (σ) . (5)

Post-processing analysis. Profiles of the observables number density ρ, velocity
vx, temperature T , pressure p, shear stress σxy, and heat flux jy are determined as
discretized functions of the coordinate y. They are time-averaged within the production
run. An example is presented in Figure 2, where the symmetry in the y-direction
is indicated with vertical black lines, i.e. the axis origin. The control volumes are
depicted as red- and blue-shaded regions. These are excluded from the analysis, since
the curvature of the profiles is directly affected by the thermostats and the velocity
control there.

The left (y < 0) and the right (y ≥ 0) half of the system are firstly treated inde-
pendently of each other. Least squares regressions are conducted in the unconstrained
regions separately on the left and the right side. Second-order polynomials are fitted
to the temperature and velocity profiles, while first-order polynomials are fitted to the
heat flux and the shear stress profiles. λ and η are determined bin-wise from Fourier’s
law

jy = −λ∂T
∂y

, (6)

5
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Figure 2.: Overview over the primary observables that are measured in simulations
with the two-gradient method. The bin-wise results are depicted with the blue solid
lines. The mean values of the density ρ, the temperature T , and the pressure p are
indicated with the vertical blue dashed lines. The regression fits are shown with the
red dashed lines. They are just conducted in the unconstrained regions between the
control volumes, which are indicated by the shaded areas.
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and Newton’s law

σxy = −η∂vx
∂y

= −ηγ̇, (7)

respectively, using the values obtained from the least squares regressions.
The self-diffusion coefficient vector Dk is determined bin-wise in the unconstrained

regions. It is calculated from the mean squared displacement. The calculation accounts
for the convective flow; cf. Equation 8.

Dk =
1

2Nbin∆t

[
Nbin∑
i

(ri,k(t+ ∆t)− ri,k(t)− 〈vk,dir〉∆t)2
]
. (8)

ri,k is the k-component of the coordinate of particle i. Here, for each particle the
initial position is compared with the position after the time period ∆t. The last term on
the right-hand side takes the convective flow into account. The angle brackets denote
the time-average of the directed velocity in the k-direction.

In accordance with the literature, the isotropic self-diffusion coefficient D is defined
as:

D =
1

3
(Dx +Dy +Dz) . (9)

2.3. Variants of the Two-Gradient Method

The two-gradient method can be applied in three different ways. They differ in terms
of accuracy and efficiency. Moreover, different temperature and velocity gradients are
applied.
Global method. The temperature gradient and the velocity gradient are small. λ, η,
and D are calculated in each bin and averaged along the gradients in the unconstrained
regions. The averages are assigned to a single thermodynamic state point such as
λ(T , ρ), η(T , ρ), and D(T , ρ). The bar represents the spatial average; cf. Figure 2. The
accuracy of the global method is high.
Local method. The temperature gradient is large and the velocity gradient is small.
Thereby, a series of temperature-dependent states is created along the y-direction.
The assumption of local equilibrium [1, 17] is applied. λ, η, and D are calculated in
each bin. A mean value is determined from the two corresponding opposed symmetric
bins on the left and the right side. Accordingly, the transport properties are assigned
to the mean thermodynamic state of the two corresponding symmetric bins. Within a
single simulation run a series of transport properties is determined. Thus, the efficiency
increases by one order of magnitude compared to the global method; cf. [18, 20]. The
accuracy is only slightly lower than that of the global method.

For both aforementioned variants the temperature and the velocity are only pre-
scribed in the control volumes at the borders and in the middle of the simulation box.
The fluid inbetween is unconstrained. This may lead to viscous heating for large values
of the velocity gradient and is avoided in the method that is described in the following.
Shear rate study method. A small and perfectly linear temperature gradient is ap-
plied via a series of Gaussian isokinetic thermostats. Thus, the effects of viscous heating
are prevented and the velocity gradient γ̇ can be increased up to large values. Thereby,
shear effects on different physical properties can be studied. The post-processing anal-

7
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ysis is equal to that of the global method. The transport properties are determined as
λ(T , ρ, γ̇), η(T , ρ, γ̇), and D(T , ρ, γ̇). The accuracy is comparable to the global method,
except for λ, where strong perturbations by the large number of thermostats lead to
instabilities of the heat flux, and thus a large scattering, especially at high shear rates.

3. Simulation Setup and Model

Simulation setup. In the present study, the simulation box is cubic. The edge length
L is chosen so that the box contains about 10,000 particles. This leads to larger systems
for low densities. To avoid finite size effects the minimum edge length is set to Lmin =
24σ [16, 23, 24].

The box is discretized with 48 bins. The corresponding bin thickness is ∆y = L/48,
resulting in the minimum bin thickness ∆ymin = 0.5σ.

A simulation run consists of initially 500,000 time steps in which a steady state is
established, i.e. a stable temperature and velocity gradient are built up. Subsequently,
a production run of 2,000,000 time steps is conducted. Block-averaging is applied over
10,000 time steps each (cf. [14]). The time step is ∆τ = 0.002σ

√
M/ε.

The simulations are carried out with a version of the MD code ls1 mardyn [25] that
was substantially extended in the present work.
Molecular model. The two-gradient method is tested with the LJTS fluid. It is based
on the Lennard-Jones (LJ) potential uLJ that is the most frequently applied model in
molecular simulation history. Both models are known to reproduce thermo-physical
properties of simple nonpolar fluids accurately [14, 26–28].

The LJTS potential is

uLJTS(rij) =

{
uLJ(rij)− uLJ(rc), rij < rc

0, rij ≥ rc
, (10)

where

uLJ(rij) = 4ε[(σ/rij)
12 − (σ/rij)

6]. (11)

ε is the energy parameter, describing dispersive attraction and σ is the size parameter
describing the repulsion. rij is the distance between the two LJTS particles i and j. rc is
the cut-off radius, which is the maximal distance for which the attraction is considered.
It is 2.5σ throughout the present work. In the following all observables are given in
reduced units, cf. Table 1.

4. Preliminary Investigation

The influence of the temperature and velocity gradient on the accuracy of the two-
gradient method is studied. Therefore, one gradient is varied while the other gradient
is fixed. Additionally, cross-effects are investigated.

The preliminary investigations are conducted at a subcritical (T
∗

= 1.0, ρ∗ = 0.8)
and a supercritical (T

∗
= 2.0, ρ∗ = 0.8) thermodynamic state.

The influence of the temperature gradient is shown in Figure 3. It is studied in the
range of ∂T ∗/∂y∗ = [0.005; 0.1]. The shear rate is fixed to γ̇∗ = 0.03. The results

8
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Table 1.: Definition of the physical quantities in reduced units (marked by the asterisk).
The corresponding observable carrying a dimension is plain. M is the mass of a single
particle.

Length x∗ = x
σ Velocity v∗ = v√

ε/M

Time τ∗ = τ

σ
√
M/ε

Shear rate γ∗ = γ√
ε/M/σ

Mass m∗ = m
M Energy flux j∗ = j

ε
√
ε/M/σ3

Density ρ∗ = ρσ3 Thermal conductivity λ∗ = λ

kB

√
ε/M/σ2

Temperature T ∗ = T
ε/kB

Shear viscosity η∗ = η√
εM/σ2

Stresses σ∗ = σ
ε/σ3 Self-diffusion coeff. D∗ = D√

ε/M/σ

are shown for stable state densities only. Thus, for T ∗ = 1.0 and ∂T ∗/∂y∗ = 0.1
no data was calculated. There is hardly any correlation between ∂T ∗/∂y∗ and the
transport properties. Thus, no remarkable cross-effect regarding the momentum flux
can be observed. However, for ∂T ∗/∂y∗ . 0.01 the estimated uncertainty of λ∗ is
comparably large which is shown by the error bars. In the following, the temperature
gradient is set to ∂T ∗/∂y∗ ≥ 0.025.

The influence of the velocity gradient is shown in Figure 4. It is studied in the
range of γ̇∗ = [0.01; 1.0]. The temperature gradient is fixed to ∂T ∗/∂y∗ = 0.03. The
influence of γ̇∗ on η∗, i.e. the shear-thinning, andD∗ is obvious. However, no remarkable
cross-effect regarding the heat flux is observed. The effect on D∗ is not considered as a
cross-effect here, since it is not calculated with a transport ansatz; cf. Eqs. (8) & (9).
For γ̇∗ . 0.1 plateau values, i.e. the corresponding equilibrium values for η∗ and D∗
are found. In the following, the velocity gradient is set to γ̇∗ = 0.03 which is a good
compromise between the uncertainties and the quasi-equilibrium state.

The basic effects that were described above and can be found in Figure 3 and Figure 4
have also been reported in the literature [29, 30]: 1) λ is independent of the temperature
gradient within the statistical uncertainties [3, 4]. 2) η decreases with increasing shear
rate. This is associated with a structural change from an amorphous liquid to a string-
like pattern which results in a reduction of the shear stress. 3) The shear-thinning
is more pronounced for low temperatures. 4) D behaves inversely proportional to η,
which can be explained with the Stokes-Einstein relation. Thus, at low temperatures
D increases with increasing shear rate.

The preliminary investigations provide a first indication for the influence of the
temperature and velocity gradients on the analysis of the transport properties. The
cross-effects are found to have no significant influence for the gradients studied here.
This underpins the applicability of the two-gradient method for the simultaneous cal-
culation of λ, η, and D.

5. Main Investigation

The aforementioned variants of the two-gradient method are tested and evaluated here.
The results are compared to literature data. Since there is hardly any data for the LJTS
in the literature, data for the LJ fluid is used. This is in accordance with several authors

9
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For Peer Review OnlyFigure 3.: Influence of the temperature gradient on the transport properties. The results
are calculated for the density ρ∗ = 0.8 along the two isotherms T ∗ = 1.0 (blue line)
and T

∗
= 2.0 (red line). The estimated uncertainties of our results are depicted by

the error bars.
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For Peer Review OnlyFigure 4.: Influence of the velocity gradient on the transport properties. The results
are calculated for the density ρ∗ = 0.8 along the two isotherms T ∗ = 1.0 (blue line)
and T

∗
= 2.0 (red line). The estimated uncertainties of our results are depicted by

the error bars.
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[23, 31–36] that have shown that for r∗c ≥ 2.5 a truncation of the LJ potential has no
effect on the transport properties.

5.1. Global Method

The temperature gradient and the velocity gradient are set to ∂T ∗/∂y∗ = 0.03 and
γ̇∗ = 0.03, respectively. λ, η, and D are calculated along the subcritical isotherm
T
∗

= 1.0 and the supercritical isotherm T
∗

= 2.0 over a wide range of densities
ρ∗ = [0.02; 1.1]. No data is calculated in the two-phase region, i.e. ρ∗ ≈ [0.1; 0.55] for
T
∗

= 1.0.
In Figure 5 (top) the values for λ, η, andD as well as the literature data are depicted.

The color indicates the temperature: T ∗ = 1.0 (blue), T ∗ = 2.0 (red). In Figure 5
(bottom) the relative deviations between correlations of our data and the literature
data are shown. The color coding and the symbols have the same meaning as above.
The dashed reference line represents the correlation of our data.

The statistical uncertainties of λ, η, and D are 1%, 3%, and 0.5%, respectively,
for the two isotherms shown here. They are equal or even slightly lower than the
respective uncertainties of the broadly acknowledged literature data that was used for
the comparison.

The results agree very well over a wide range of densities. For dense fluids with
ρ∗ > 0.2 the maximum deviation is below 10%. This corresponds to the common
data scattering in the broad literature. The largest deviations are observed for low
densities, i.e. ρ∗ ≤ 0.2. Here, the absolute values for λ and η are small. Thus, small
absolute deviations lead to large relative deviations. The same is found for D at higher
densities. Nevertheless, the results indicate that the two-gradient method is not well
suited for studying states with low densities, cf. hatched area in Figure 5. For these
states, the directed macroscopic flow velocity and the thermal velocity are hard to
differentiate due to poor statistics. This has a direct consequence on the calculation of
the temperature, the heat flux, and the stress profiles and thus on λ and η.

5.2. Local Method

The temperature gradient and the velocity gradient are set to ∂T ∗/∂y∗ = 0.1 and
γ̇∗ = 0.03, respectively. The mean temperature is T ∗ = 2.0 and the mean density is
ρ∗ = 0.8. λ, η, and D are calculated locally for a series of different thermodynamic
states (T ∗ ∈ [1.5; 2.5], ρ∗ ∈ [0.75; 0.85]).

First of all, the criterion of the weak local equilibrium is verified [17]. I.e. it is ensured
that the local pressure along the temperature gradient is equal to the corresponding
equilibrium pressure. This is shown in the deviation plot presented in Figure 6. The
dashed reference line represents the equilibrium pressure predicted from the equation
of state (EOS) by Thol et al. [37]. The estimated uncertainty of the local pressure
calculation is 1% and indicated by the error bars. It is shown, that the local pressures
agree perfectly with the predictions. The deviation is 0.2% at its maximum. As indi-
cated by several authors [4, 18–20], this is a strong indicator for the local transport
properties to be in accordance with their equilibrium values, too.

The thermodynamic states and the corresponding transport properties that were
determined with the local method are listed in the Supporting Information. Note that
the local pressure only slightly fluctuates around the constant value p∗ = 5.83.

The local values of λ, η, andD are compared here to correlations of data on transport
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[41]
This work

[35]
[42]
This work

[34]

This work
[43]

Figure 5.: Comparison of the transport properties determined using the global method
with literature data over a wide range of densities. The plots at the top show abso-
lute values, while at the bottom the relative deviations of the literature data from a
correlation based on our results are shown. The blue symbols represent values along
the isotherm T

∗
= 1.0, while the red symbols represent values along the isotherm

T
∗

= 2.0. The symbols are listed in the respective legends. As indicated by the hatched
area the two-gradient method should not be applied for low densities ρ∗ ≤ 0.2.

Figure 6.: Comparison of the local pressure with the value predicted from the EOS
by Thol et al. [37]. The estimated uncertainties are depicted by the error bars. The
comparison justifies the hypothesis of local equilibrium for the given scenario.
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properties of the LJTS fluid from a comprehensive study on which we will report
separately. The deviations are shown in Figure 7. The solid reference line represents the
correlations. The dashed lines indicate an uncertainty band of ± 10 %. The estimated
uncertainties of our results are indicated by the error bars. For the scenario investigated
here they are mainly below 1% for λ, below 5% for η, and below 3% for D. The local
values are in good agreement with the correlations which represent the equilibrium
values. The deviations are below 7.5% and lie within the scattering of the literature
data. The best and most stable results are obtained for λ which is due to the large
heat flux coming from the large temperature gradient.

5.3. Shear Rate Study Method

The temperature gradient is set to ∂T ∗/∂y∗ = 0.03. The velocity gradient is varied in
the range of γ̇∗ = [0.01; 1.0]. The shear rate dependencies of η, D, and p are studied
at a single state point (T ∗ = 0.722, ρ∗ = 0.8442) which is used as a benchmark in the
community [10, 29, 38–40]. The results are shown in Figure 8. They are depicted with
the black squares and compared to the data by Heyes [39] (red triangles) and Galea
and Attard [10] (blue circles).

The shear rate dependence of η found in the present study is in good agreement with
the literature data. The well-known shear-thinning effect, i.e. the decrease of η with
increasing γ̇, is represented. The deviation from the literature data is mostly below
5%. Our values are slightly higher than the literature data thoroughly.

The shear rate dependence of D found in the present study is compared to results
from Heyes [39] in the middle plot of Figure 8. Its general behavior is recursive to the
trend of η. This can be explained by the Stokes-Einstein relation: D behaves inversely
proportional to η. Thus, it increases with increasing γ̇. The deviations of the present
results from those of Heyes [39] are up 17%. This could be related to the high density
of the thermodynamic state that was studied here and its proximity to the solidus line.

Contrary to the transport properties, the pressure is strongly affected by the trun-
cation of the LJ potential. Since no LJTS data is available in the literature for p(γ̇),
only our results are shown in the bottom plot of Figure 8. p increases with increasing
γ̇. This is in general accordance with the results reported in the literature [29, 38, 39].

6. Conclusion

A new non-equilibrium molecular dynamics (NEMD) simulation method for the simul-
taneous determination of the thermal conductivity λ and shear viscosity η of fluids,
called the two-gradient method, is presented. It is tested using the Lennard-Jones trun-
cated and shifted (LJTS) fluid as example. The influences of the temperature gradient
∂T/∂y and the shear rate ∂v/∂y on λ and η are investigated. The cross-effects are
negligible, even for large gradients. Moreover, hardly any influence of ∂T/∂y on λ is
observed. However, there is a significant influence of ∂v/∂y on η. In addition to the
results for λ and η, also results for the self-diffusion coefficient D are determined. The
two-gradient method is applied in different ways and the results are compared to the
literature. Hereby, it is shown that the two-gradient method is robust, efficient, and
yields accurate results. The uncertainties of λ, η, and D are 1%, 3%, and 0.5%, respec-
tively, when using the global method. With the local method, they are 1%, 5%, and
3%, respectively. The new method is well-suited for studies of liquid and supercritical
states as long as the densities are not gas-like. Its accuracy is comparable to that of
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Figure 7.: Deviation plots comparing the transport properties calculated using the
local method with correlations from a comprehensive study on which we will report
separately. The scenario shown here is T ∗ ∈ [1.5; 2.5], p∗ = 5.83, ∂T ∗/∂y∗ = 0.1,
and γ̇∗ = 0.03. The solid line represents zero deviation between the simulation results
and the correlations. The dashed lines indicate an uncertainty band of ± 10 %. The
estimated uncertainties of our results are depicted by the error bars.
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Figure 8.: Shear rate dependence of η (top), D (middle), and p (bottom) at a single
state (T ∗ = 0.722, ρ∗ = 0.8442). Our values are depicted with black squares. They
are compared to the data by Heyes [39] (red triangles) and Galea and Attard [10] (blue
circles). The estimated uncertainties of our results are depicted by the error bars.
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established methods. The main advantage lies in its efficiency. The new method is,
hence, particularly attractive for studies in which for a large number of state points
different transport properties of a given fluid shall be determined.
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Appendix A. Appendices

Appendix B. Detailed Information

Directed Velocity.
In the present work the directed macroscopic flow velocity is averaged over 10,000

time steps in high-resolution bins of size (∆x∗ = 1,∆y∗ = 1,∆z∗ = L) each. In de-
pendence on the instantaneous position of a particle i the directed macroscopic flow
velocity is assigned to this particle in each time step.

vdir =

10,000∑
t=1

Nbin∑
i=1

vi
10, 000 ·Nbin

(B1)

Error analysis.
Both the thermal conductivity and the shear viscosity can be written as the ratio

of a flux J to its conjugate driving force Γ; cf. Eqs. (6) & (7). Thus, the accuracy
of the two-gradient method is evaluated by means of the relative approximation error
∆TP/TP where TP stands for the respective transport property; cf. Equation B2.

∆TP
TP

≤
(

∆J

J
+

∆Γ

Γ

)
. (B2)

J is the spatial average of the heat flux or shear stress. ∆J is the empirical vari-
ance between the time-averaged simulation data and its corresponding regression fit.
Γ is the spatial average of the derivative of the second-order polynomial fit from the
temperature or velocity profile. ∆Γ is the empirical variance from this regression fit.
The relative error of the self-diffusion coefficient is estimated by the mean standard
deviation of the block-averages.

18

Page 21 of 31

URL: http://mc.manuscriptcentral.com/tandf/tmph  Email: TMPH-peerreview@journals.tandf.co.uk

Molecular Physics

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review Only

Appendix C. Data

The data used in all the figures above is given in the Supporting Information.
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Table 1.: Preliminary Investigation: Influence of the temperature gradient on the transport
properties. The absolute estimated uncertainty for each transport property (TP) is given by
∆TP.

γ̇∗ ∂T ∗/∂y∗ ρ∗ p∗ T ∗ λ∗ ∆λ∗ η∗ ∆η∗ D∗ ∆D∗

0.028 0.005 0.80 1.704 1.002 6.345 0.327 2.132 0.062 0.073 0.00035
0.028 0.010 0.80 1.700 1.002 6.529 0.137 2.116 0.064 0.073 0.00054
0.028 0.025 0.80 1.683 0.999 6.477 0.077 2.104 0.085 0.073 0.00113
0.028 0.050 0.80 1.624 0.989 6.541 0.053 2.161 0.104 0.073 0.00152

0.028 0.005 0.80 5.984 2.003 7.634 0.545 1.910 0.030 0.159 0.00082
0.028 0.010 0.80 5.981 2.002 7.177 0.272 1.917 0.071 0.158 0.00100
0.028 0.025 0.80 5.974 2.001 7.265 0.075 1.909 0.060 0.158 0.00091
0.028 0.050 0.80 5.943 1.997 7.343 0.061 1.903 0.080 0.159 0.00234
0.028 0.100 0.80 5.826 1.981 7.281 0.048 1.907 0.087 0.160 0.00286

CONTACT Martin P. Lautenschlaeger. Email: Martin.Lautenschlaeger@mv.uni-kl.de
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Table 2.: Preliminary Investigation: Influence of the velocity gradient on the transport prop-
erties. The absolute estimated uncertainty for each transport property (TP) is given by ∆TP.

γ̇∗ ∂T ∗/∂y∗ ρ∗ p∗ T ∗ λ∗ ∆λ∗ η∗ ∆η∗ D∗ ∆D∗

0.009 0.026 0.80 1.691 1.000 6.444 0.087 2.070 0.119 0.073 0.00054
0.047 0.026 0.80 1.693 1.000 6.420 0.083 2.117 0.088 0.073 0.00167
0.094 0.026 0.80 1.699 1.000 6.415 0.204 2.114 0.049 0.073 0.00059
0.280 0.026 0.80 1.754 1.000 6.437 1.645 2.045 0.034 0.080 0.00216
0.465 0.026 0.80 1.841 1.001 6.497 4.326 1.966 0.037 0.084 0.00130
0.653 0.026 0.80 1.947 1.001 6.515 8.164 1.898 0.031 0.087 0.00116
0.932 0.026 0.80 2.138 1.002 6.606 15.832 1.810 0.025 0.092 0.00122

0.009 0.026 0.80 5.974 2.000 7.226 0.182 1.867 0.137 0.159 0.00098
0.047 0.026 0.80 5.975 2.000 7.248 0.131 1.898 0.036 0.157 0.00099
0.094 0.026 0.80 5.977 2.000 7.275 0.147 1.910 0.021 0.157 0.00104
0.282 0.026 0.80 5.994 2.000 7.211 1.502 1.891 0.062 0.164 0.00170
0.466 0.026 0.80 6.027 2.001 7.204 4.007 1.876 0.034 0.163 0.00110
0.655 0.026 0.80 6.073 2.001 7.239 8.016 1.855 0.009 0.162 0.00125
0.934 0.026 0.80 6.167 2.002 7.316 16.044 1.820 0.019 0.161 0.00160
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Table 3.: Main Investigation: Comparison of the transport properties determined using the
global method. The absolute estimated uncertainty for each transport property (TP) is given
by ∆TP.

T ∗ ρ∗ λ∗ ∆λ∗ η∗ ∆η∗ D∗ ∆D∗

1.0080 0.0496 0.5211 0.029470 0.1176 0.003680 2.3275 0.017460
1.0043 0.0904 0.6255 0.030970 0.1262 0.003570 1.3771 0.021760
0.9932 0.6003 3.4591 0.041140 0.8369 0.038440 0.1704 0.001750
0.9977 0.7002 4.5895 0.062420 1.2540 0.042610 0.1167 0.000864
1.0000 0.8004 6.4904 0.076590 2.1077 0.046300 0.0727 0.000329
1.0017 0.9029 8.9459 0.100390 4.2812 0.124930 0.0391 0.000651
1.0044 0.9970 11.4220 0.136580 9.9663 0.241900 0.0187 0.000079

2.0003 0.0199 0.7279 0.015210 0.1764 0.006750 7.8495 0.063030
2.0026 0.0496 1.0150 0.008100 0.2161 0.006530 4.1774 0.029980
2.0017 0.0904 1.1309 0.007110 0.2386 0.005290 2.5809 0.018850
1.9955 0.2013 1.2659 0.016110 0.2935 0.013280 1.2552 0.012040
1.9928 0.2995 1.6258 0.016060 0.3777 0.009900 0.8108 0.007050
1.9928 0.3996 2.1802 0.022580 0.4744 0.013000 0.5876 0.005400
1.9933 0.5060 2.9146 0.031920 0.6712 0.018720 0.4219 0.003320
1.9948 0.6003 3.8879 0.037190 0.9011 0.036860 0.3148 0.002820
1.9956 0.7002 5.3154 0.037640 1.2790 0.050410 0.2279 0.002110
1.9967 0.8004 7.3631 0.061070 1.9031 0.079710 0.1591 0.002370
1.9989 0.9029 9.9494 0.066860 3.0702 0.073840 0.1039 0.000816
2.0003 0.9970 12.8990 0.117300 5.1466 0.118640 0.0651 0.000666
2.0032 1.0995 16.2410 0.137110 10.5720 0.250110 0.0345 0.000250
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Table 4.: Main Investigation: Comparison of the transport properties determined using the
global method. Literature data used for the comparison.

T ∗ ρ∗ λ∗ T ∗ ρ∗ η∗ T ∗ ρ∗ D∗

Baidakov [1] Meier [2] Meier [3]
1.00 0.050 0.5433 1.0000 0.900 3.9690 1.0000 0.900 0.0367
1.00 0.600 3.1890 1.0004 0.850 2.8330 1.0004 0.850 0.0510
1.00 0.620 3.3970 1.0005 0.800 2.0530 1.0005 0.800 0.0683
1.00 0.640 3.6430 1.0012 0.750 1.5580 1.0012 0.750 0.0895
1.00 0.660 3.8780 1.0003 0.700 1.2220 1.0003 0.700 0.1112
1.00 0.680 4.2060 1.0015 0.650 0.9427 1.0015 0.650 0.1385
1.00 0.720 4.8400 1.0038 0.600 0.7631 1.0038 0.600 0.1669
1.00 0.735 5.1060 1.0099 0.070 0.1193 1.0095 0.070 2.0138
1.00 0.750 5.3700 1.0065 0.065 0.1203 1.0054 0.060 2.3480
1.00 0.800 6.4330 1.0047 0.060 0.1215 1.0012 0.050 2.8129
1.00 0.850 7.5790 1.0022 0.055 0.1164 1.0005 0.040 3.5290
1.00 0.900 8.8070 1.0016 0.050 0.1045 0.9995 0.030 4.7699
1.00 0.950 10.210 Galliero [4] 1.0001 0.020 7.2025
1.00 1.000 11.440 2.00 0.212 0.2990 1.0003 0.010 14.5470
1.00 1.025 12.060 2.00 0.300 0.3620 Baidakov [5]
1.00 1.030 12.220 2.00 0.354 0.4180 2.00 0.050 5.4433
1.00 1.034 12.310 2.00 0.495 0.6250 2.00 0.075 3.6107
2.00 0.050 0.8540 2.00 0.500 0.6220 2.00 0.100 2.7074
2.00 0.100 0.9820 2.00 0.636 0.9850 2.00 0.200 1.3171
2.00 0.150 1.1500 2.00 0.700 1.2390 2.00 0.300 0.8392
2.00 0.200 1.3410 2.00 0.778 1.6570 2.00 0.400 0.5831
2.00 0.250 1.5170 2.00 0.900 2.9850 2.00 0.500 0.4221
2.00 0.300 1.7370 2.00 0.600 0.3081
2.00 0.400 2.2060 2.00 0.700 0.2211
2.00 0.500 2.8750 2.00 0.750 0.1830
2.00 0.600 3.7910 2.00 0.800 0.1501
2.00 0.800 7.2040 2.00 0.850 0.1231
2.00 0.850 8.3940 2.00 0.900 0.0990
2.00 0.900 9.8330 2.00 0.950 0.0773
2.00 1.000 12.860 2.00 1.000 0.0593
2.00 1.050 14.580 2.00 1.050 0.0437
2.00 1.100 16.250 2.00 1.100 0.0306
2.00 1.150 18.020 2.00 1.170 0.0170
2.00 1.175 18.900 2.00 1.200 0.0123
2.00 1.200 19.740
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Table 5.: Main Investigation: Deviation plots comparing the transport properties calculated
using the local method with correlations. The scenario is T ∗

= 2.0, ρ∗ = 0.8, ∂T ∗/∂y∗ = 0.1,
and γ̇∗ = 0.03 leading to a series of thermodynamic states.

T ∗ ρ∗ p∗ λ∗ η∗ D∗

2.3113 0.75825 5.8408 6.6433 1.6266 0.20912
2.2557 0.76469 5.8374 6.6969 1.6472 0.20153
2.2009 0.77114 5.8421 6.7981 1.6891 0.19391
2.1468 0.7776 5.8348 6.9022 1.7332 0.18628
2.0935 0.78406 5.8297 7.0091 1.7795 0.17862
2.0409 0.79052 5.8278 7.1191 1.8283 0.17093
1.9891 0.79699 5.8233 7.2323 1.8799 0.16323
1.9381 0.80347 5.8287 7.3488 1.9343 0.1555
1.8878 0.80995 5.8261 7.4688 1.992 0.14776
1.8383 0.81644 5.8296 7.5924 2.0531 0.13999
1.7896 0.82293 5.8287 7.7199 2.1181 0.1322
1.7416 0.82943 5.8238 7.8514 2.1872 0.12439
1.6944 0.83594 5.8241 7.9871 2.261 0.11655
1.6479 0.84244 5.829 8.0604 2.3001 0.1087
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Table 6.: Main Investigation: Shear rate dependence of η, D, and p at a single state (T ∗ =
0.722, ρ∗ = 0.8442). Transport properties calculated using the shear rate study method (top)
and the corresponding literature data (bottom). The absolute estimated uncertainty for each
transport property (TP) is given by ∆TP.

γ̇∗ T ∗ ρ∗ p∗ η∗ ∆η∗ D∗ ∆D∗

0.029 0.725 0.846 0.960 3.327 0.186 0.035 0.00001
0.094 0.722 0.846 0.981 3.245 0.136 0.037 0.00001
0.187 0.722 0.846 1.060 3.014 0.026 0.044 0.00015
0.281 0.722 0.846 1.153 2.827 0.064 0.049 0.00012
0.372 0.722 0.846 1.250 2.684 0.017 0.052 0.00007
0.465 0.723 0.846 1.352 2.571 0.016 0.056 0.00004
0.743 0.724 0.846 1.673 2.331 0.027 0.065 0.00006
0.930 0.724 0.846 1.910 2.217 0.035 0.069 0.00008

Heyes [6] Galea [7]
γ̇∗ T ∗ ρ∗ η∗ D∗ η∗

0.100 0.722 0.844 3.090 0.036 3.170
0.200 0.722 0.844 2.840 0.038 2.910
0.300 0.722 0.844 2.740 0.044 2.670
0.400 0.722 0.844 2.560 0.045 2.540
0.500 0.722 0.844 2.420 0.046 2.440
0.800 0.722 0.844 2.220 0.056 2.250
1.000 0.722 0.844 2.110 0.060 2.100
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