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Abstract

Molecular force fields are widely used for simulating thermodynamic proper-
ties of fluids. In developing such force fields, usually some of their parameters
are adjusted to experimental data sets, which are often of different type. The
adjustment is commonly carried out by minimizing a single objective function
which represents the deviations between the model and the data. In the present
work, a different approach is explored. Individual objective functions are defined
for each data set and a multicriteria optimization task is solved. It is explicitly
acknowledged that the different objectives are usually conflicting. The mul-
ticriteria optimization problem is solved by determining the Pareto set. By
definition this set includes all solutions for which no further improvement in
one objective can be achieved without having to accept a decline in at least
one other objective and, hence, contains best compromises. The user can then
choose out of these solutions one which is particularly suited for his application.
The procedure is illustrated using the parameterization of the Lennard-Jones
model for argon and methane as examples. Six different objective functions
are included in the optimization. They represent the deviations between the
model and the following properties at boiling conditions over a wide temper-
ature range: a) liquid density, b) vapor pressure, ¢) enthalpy of vaporization,
d) liquid shear viscosity, e) liquid thermal conductivity, and f) surface tension.

First single objective fits are carried out for all properties. Then Pareto sets are
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determined for two triples of objectives namely, a, b, ¢) on one side and d, e,
f) on the other side. An unexpected topology of the Pareto set is observed and
explained. Then the full Pareto set for all six properties is determined and all
results are compared. They show that good results can be achieved with the
simple Lennard-Jones model for the two studied fluids, even when the goal is to
simultaneously describe many different thermodynamic properties. The work
also demonstrates the benefits of using Pareto optimization for developing force
fields, and, more generally thermodynamic models.
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1. Introduction

Molecular simulations with atomistic force fields are widely used for solv-
ing problems in physics, biology, chemistry, and engineering. They rely on the
availability of suitable force fields. Usually, the functional form of the force field
is known based on physical grounds, but the model parameters still need to
be determined. This is often done using a combination of setting parameters
based on quantum chemical data and adjusting the remaining parameters to
experimental data [1]. The resulting optimization problem is usually solved by
minimizing a single objective function, which contains the information on the
deviations between the simulation results and the experimental data. Differ-
ent solver strategies can be employed to find the minimum. Faller et al. [2]
and Reith et al. [3] each presented an automatic scheme based on simplex al-
gorithms. Wang and Kollman [4] introduced an automatic engine based on
systematic search as well as a genetic algorithm. Bourasseau et al. [5] used a
Gauss-Legendre least-squares estimator to find the minimum of the objective
function. Hiilsmann et al. [6, 7] compared the performance of several algorithms.
Deublein et al. [8] also present an automated method for the development of
force fields based on a gradient method.

By finding the minimum of the objective function one specific parameter set
for the molecular model is identified, which is optimal for the chosen objective
function.

The multicriteria optimization approach used in this work considers several
objective functions. These can e.g. stem from using experimental data sets
of different type (e.g. densities or vapor pressures) or at different conditions
(e.g. liquid or gas phase). In general, the different objective functions are con-
flicting, i.e. they cannot be minimized simultaneously. In the present work the
Pareto approach is used for solving this multicriteria optimization problem. It
relies on identifying the set of Pareto optimal solutions (Pareto set). The Pareto
set represents those solutions, for which one objective function can only be im-

proved by having to accept a decline in at least one other objective function.



Hence, Pareto sets represent best compromises. Once the Pareto set is deter-
mined the user gets an overview of what can be achieved with a certain model.
Based on that knowledge he can then choose from the Pareto set the model he
considers to be most attractive for his application.

Pareto optimization was previously employed in the context of molecular
models. Mostaghim et al. [9] describe an optimization of bond terms for primary
alcohols in which three objective functions based on the reproduction of ab initio
information were designed and five different force field parameters considered.
To solve the problem multi-objective evolutionary algorithms and particularly
multi-objective Particle Swarm Optimization were applied to determine a Pareto
set.

This work is, to the best of our knowledge, the first to use Pareto optimiza-
tion for determining parameters of intermolecular interaction potentials. By
a brute force enumeration, we systematically study the application of Pareto-
optimization for developing atomistic force fields using the one center Lennard-
Jones 6-12 potential as an example. The performance of that simple model for
representing thermo-physical properties of two fluids, argon and methane, is
investigated. For each of these fluids six objective functions are defined which
represent the deviation of the model and the experimental data sets for the
following properties: liquid density, vapor pressure, enthalpy of vaporization,
liquid shear viscosity, liquid thermal conductivity, and surface tension.

In a first step two three dimensional objective spaces, each considering three
properties are explored. An interesting and unexpected topology is observed
and explained. To complete the analysis, the full six demensional problem is
addressed. The results illustrate the benefits from using Pareto optimization
for parameterizing atomistic force fields. They also show that the Lennard-
Jones model performs astonishingly well for describing fluid properties of simple

substances.



2. Multicriteria Optimization

A multicriteria optimization problem is characterized by several objective

functions f;(x) which have to be minimized simultaneously:

min f(2) = (f1(2), .. fy(a)) € R? (1)

They span the objective space R and depend on the decision vector x € R?
where R? is the design space. The solution to such a problem is a set of best
compromises: For any improvement in a single objective f;(z), a decline in at
least one other objective f;(x), ¢ # j has to be accepted. The set of all best
compromises in the objective space is called the Pareto frontier. The corre-
sponding solutions in the design space are called the Pareto set. Once they are
identified, a trade-off discussion of the individual objectives is possible. Based
on this knowledge a decision vector which is particularly suitable for the studied
application can be chosen.

The Pareto frontier is a subset of all feasible points in the objective space and
needs to be approximated by a suitable numerical strategy. The most obvious
approach for the construction of the Pareto frontier starts from a construction
of the set of all feasible points in the objective space and a subsequent identifica-
tion of the Pareto frontier by brute force comparison of the different objectives.
This strategy is employed in the present work. However for high dimensions of
the design space and for computationally intensive calculations of the objective
functions, a full sampling of all feasible solutions is not possible. Then multicri-
teria optimization algorithms, available in the literature, have to be applied to
identify the Pareto set (see e.g. [10], [11]). For more information on multicriteria
optimization (see e.g. [12], [13], [14]).

In the context of force field parameterization the design space is spanned by
the parameters describing the model. Thus we refer to it as parameter space in
the subsequent text. A point in the parameter space, hence, corresponds to a
certain force field parameter set and would commonly be called a model of the

substance. Mapped to each point in the parameter space is one point in the



objective space. The objective functions contain the information on the quality
of the force field model, e.g. as represented by the mean relative deviations
between the simulation results and the chosen experimental data sets. The
Pareto optimization is independent of the individual definition of the objective
function. Different approaches are possible and can individually be adapted to
the thermodynamic properties, whose qualtiy needs to be assessed.

Once the Pareto frontier is identified, full insight over the achievable model
performance is gained. It is then possible to navigate on the Pareto frontier,
i.e. to carry out the trade-off discussion of the individual objectives, and to

finally choose the most attractive of all Pareto optimal solutions.



3. Studied systems

In this work the parameterization of the Lennard-Jones (LJ) potential

vor=ae[ (2 (0)"] g

for argon and methane is studied as an example. The studied properties are
all related to vapor-liquid equilibria: saturated liquid density, saturated vapor
pressure, enthalpy of vaporization, saturated liquid shear viscosity, saturated
liquid thermal conductivity, and surface tension. The two fluids are studied
for technical reasons: A large variety of data and many literature models are

available to compare the findings of this work to.

3.1. Data basis

For this work no experiments or simulations were carried out. All the data
sets are taken from the literature.

For the experimental data temperature dependent correlations from the
DIPPR data bank [15] are used. The errors reported for both argon and methane
coincide: for the liquid density, vapor pressure and enthalpy of vaporization they
are < 1 %, for the liquid viscosity and surface tension < 3 % and for the liquid
thermal conductivity < 5 % [15].

The simulation data are collected from several publications. The information
for the six thermo-physical properties is gathered in reduced units along the
vapor-liquid coexistence curve. Correlation functions for the saturated liquid
density, saturated vapor pressure, and the enthalpy of vaporization are taken
from Lotfi et al. [16]. The statistical errors for the simulation data are reported
as < 1 %, <5 % and < 8 %, respectively, the deviations of the correlation
functions corresponding to the simulation data are reported to be < 1 %, < 1
% and < 14 % respectively. The data set for the correlation of the liquid shear
viscosity is taken from Rowley and Painter [17]. The average absolute deviation
between the simulation data and the correlation is reported to be < 4.5 %. The
liquid thermal conductivity is taken from Ferndndez et al. [18]. They report

only data for specific substances, which, however, can be used to retrieve the



information on the liquid thermal conductivity in reduced units. On that basis
a correlation was established. The root mean square error (RMSE) of that
correlation and the simulation data is < 20 % and large compared to the other
properties. The surface tension is from Grosfils and Lutsko [19]. The statistical
error is < 6 %. Again the data set is correlated, and the RMSE is < 1 %. More
information on the correlation functions for the liquid thermal conductivity and

the surface tension and their quality is given in the Supplementary Material.

3.2. Methodology

To evaluate the quality of a specific LJ model the correlations of the sim-
ulation data in reduced units are transferred to physical units with the corre-
sponding values for the energy parameter ¢ and the length parameter o. The
transformations are given in Table 1. For each model a mean relative deviation
function 0O for each property O over different temperatures 75, j = 1...N is
evaluated. The objective space is spanned by the deviation functions for the
six thermophysical properties. In this work, the objective function f; for one

property O has the following form:

o B i N Oemp (T]) _ sim (T]) 2
fim00=\ 52 (o) )

In this work 13 equidistant reduced temperatures between 7" = 0.7 and T =

1.2 are considered. For a given energy parameter ¢, it may not be possible to
evaluate O°*P for all temperatures corresponding to these reduced temperatures.
For high T* and € the temperature T = (T*¢/k) may be above the critical
temperature T (TA* = 150.86 K, TM® = 190.69 K [15]), for low T = (T*¢/k)
the temperature may be below the temperature at the triple point Trp (TTA{D =
83.78 K, TMs = 90.69 K [15]). The corresponding reduced temperatures T*
were not considered.

Each solution in objective space holds for a specific force field model, rep-
resented by a point in the parameter space which is spanned by the energy

parameter € and the length parameter o.



3.3. Numerics

The parameter space is explored in a restricted region. The boundaries 0,5,
/ Omaz a0d €min / €mas are choosen such that, depending on the scenario, the
whole Pareto set is found. The sampled grid is 200 x 200 points.

Because correlations of the simulation data sets in reduced units are avail-
able, all relative mean deviations 60 (¢, o) for any given model can be calculated
straightforwardly. Hence a complete sampling of the design space spanned by
the two model parameters is possible. Thus, the LJ models leading to Pareto
optimal solutions can be identified simply by comparing points in the objective
space to each other. Reduced units were previously utilized by Merker et al. [20]
to optimize force field models.

For the employed algorithm, every point in the objective space is tagged as
"Pareto optimal’. Then the solutions are sorted in descending order for the first
objective function. Starting by the first point, every point is compared to the
successive solutions, to find one, for which the remaining objective functions can
all be improved. If the search was successful, it is aborted and the considered
point is tagged as 'not Pareto optimal’. If the search was not successful, the point
is Pareto optimal. Then the next point is considered and the loop continues until
all points are checked for Pareto optimality. Therefore, the Pareto set is easily

isolated.

8.4. Scenarios

The thermo-physical properties are first considered individually. For each
property, a single objective optimization is carried out, yielding an optimal
parameter set. Furthermore the topology of the relative mean deviations as a
function of the model parameters is explored.

In a next step the six properties are split into two groups. The first group
contains three static properties: saturated liquid density, saturated vapor pres-
sure, and enthalpy of vaporization. The second group consists of the liquid
thermal conductivity, shear viscosity, and surface tension. The liquid thermal

conductivity and the shear viscosity additionally depend on the mass, which



for the present analysis is not considered as a free parameter (ma, = 39.948 u,
mcm, = 16.04246 u [15]). For argon and methane, the two triples of properties
are analyzed and the corresponding objective spaces are explored. Finally, the
full six dimensional objective space is investigated. The parameter sets leading
to Pareto optimal solutions for those three tasks are identified and presented in

the next section.
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4. Results and Discussion

For the different scenarios only the results of argon are given in the figures.
For methane central results are discussed but the respective figures are given in

the Supplementary Material.

4.1. Single Objectives

Figure 1 shows the dependence of the mean relative deviation from the LJ
model parameters € and o for each of the six studied properties for argon. In the
contour plots the color indicates the value of the mean relative deviations. As the
parameters € and o are varied, the mean relative deviation for each property
forms a valley around the white dashed line. It indicates the path of lowest
ascent/descent through the valley. Additionally the parameter combinations
obtained by a single criterion optimization of the corresponding properties are
indicated in the diagrams: This is a single point marked by a white cross for
the liquid density, vapor pressure, enthalpy of vaporization, liquid viscosity,
liquid thermal conductivity and surface tension. The objective function for the
enthalpy of vaporization however is independent of the variation of . Hence,
all the parameter combinations along the white dashed line lead to an optimal
mean relative deviation.

The range in which the parameters are varied (about 25% in € and 40 % in
o) is the same for all studied properties. It is also interesting to compare the
results for the maximal deviations of the six different properties shown in Figure
1. They can be used as indicators of the sensitivity of the different properties
on the model parameters and turn out to be very different. The lowest number
is found for the enthalpy of vaporization (about 20 %), the highest for the vapor
pressure (400 %) and the surface tension (500 %). The results for the liquid
density (150 %), liquid viscosity (150 %) and liquid thermal conductivity (100
%) lie in between.

Looking at every property separately, the simulations with the LJ potential
can reproduce the experimental results within the experimental and statistical

uncertainties. The mean relative deviations achievable for argon are for the
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saturated liquid density < 0.25 %, for the saturated vapor pressure < 0.5 %,
for the heat of vaporization < 1 %, for the liquid viscosity < 3 %, for the liquid
heat conductivity < 2 % and for the surface tension < 1 %. For methane the
corresponding mean relative deviations are < 0.5 %, <1 %, <2 %, <2 %, <3
% and < 2 % respectively. But to get acceptable deviations in all properties
trade-offs have to be taken into account.

The results obtained from a single criterion optimization of the studied prop-
erties (white crosses for liquid density, vapor pressure, liquid viscosity, liquid
thermal conductivity, and surface tension, white dashed line for the enthalpy
of vaporization) lie in the upper right quadrant of the studied parameter range
for the liquid density, vapor pressure, liquid thermal conductivity, and surface
tension, but in the lower right quadrant for the liquid viscosity. The distance
between these optimal solutions in the parameter space alone is, however, not
a good indicator for the difficulty of finding good compromises. It merely un-
derlines the necessity of multi-criteria optimization.

A comparison of the results for argon (Fig. 1) and methane (Supplementary
Materials), shows strong similarities. They include the course of the valleys in
the o, € plane and the ranking of the sensitivity of the results for the different

properties.

4.2. Three Objectives

The results for the two three dimensional Pareto optimization scenarios for
argon are presented in Figures 2-3.

Figure 2 shows the results obtained for the Pareto set of argon with three
objective functions: liquid density, vapor pressure and enthalpy of vaporization.
On the left hand side the parameter space is shown, on the right hand side
the objective space. The mapping between both spaces is indicated by colors.
The upper row (a) shows results from a brute force variation of the parameters
within their bounds and the corresponding results in the objective space. The
Pareto optimal points found by enumeration of these results are marked black.

For clarity the lower row (b) shows only the isolated Pareto set in the parameter

12



space and the corresponding Pareto frontier in the objective space.

In the objective space, an interesting and unexpected topology is observed.
It self-intersects, meaning, that for two different parameter sets the same mean
relative deviations in all three properties may be found. Three lines of self-
intersections are observed. Omnly part of the surface in the objective space,
found by brute force enumeration of the parameters, is Pareto optimal. Its main
structure is triangular, with tails stretching out from the corners of the triangle
both in the parameter and objective space. The corresponding triangular Pareto
set in the parameter space has almost linear edges and tails.

The results obtained for the Pareto frontier show that compromises between
all three objectives can be found such that in all objectives the observed mean
relative deviations are of the order of only a few percent and, hence, not signif-
icantly above the cumulated errors of the experiment and simulation. Within
the triangular structure, reasonable compromises between all three objectives
are obtained. The tails however basically correspond to compromises between
only two objectives whereas for the third objective high deviations are accepted.
The triangular Pareto set in the parameter space is narrow. Its width is of the
order of 1 K in ¢/k and 0.05 A in 0.

For methane the Pareto optimal points show the same structure in both the
objective and the parameter space. In the objective space the mean relative
deviations for methane in the triangle are also of the order of a few percent.
Thus compromises, with mean relative deviations below the cumulated errors
can be found. The triangular Pareto set is again narrow. Its width is of the
order of 2 K in ¢/k and 0.1 A in 0.

Figure 3 shows the results obtained for the Pareto set of argon for the second
scenario: the evaluation of the three dimensional optimization task concerning
the liquid viscosity, liquid thermal conductivity and surface tension.

In the objective space again a topology with three, barely distinguishable,
lines of self-intersections is observed. The objective function for the surface
tension 07 is extremly sensible on a variation of the parameters, so that the

mean relative deviation for the surface tension reaches up to 2000 %. Evaluated
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in the same parameter range, the objective functions for the liquid viscosity and
the liquid thermal conductivity are of the order of a few hundred percent.

The Pareto optimal points in both the objective and parameter space again
form a triangular region. Three tails, each of them spreading from one corner
of this triangular structure are observed. In the parameter space the tails reach
far, thus the range in which the parameter space is sampled to capture the
whole Pareto set is very large (about 25 % in € and 40 % in o). But the width
of the triangular Pareto set in the parameter space is of the order of 2 K in
¢/k and 0.05 A in 0. The compromises that are found for these models lead to
mean relative deviations below 10 % in the three considered properties liquid
viscosity, liquid thermal conductivity and surface tension.

A comparison of these findings to the results obtained for the first optimiza-
tion task for argon (Fig. 2) shows, that the static properties are represented
with a higher accurracy than the two transport properties and the surface ten-
sion. This is consistent with the uncertainties given for the experimental and
statistical errors for the six properties. For the second scenario (Fig. 3) due to
the long tails, a wider variation of the parameters € and o is needed to find the
full Pareto set. The triangles in the parameter space for the two tasks, however,
are of similar size and lie in close proximity.

The results obtained for methane are again very similar to the findings dis-
cussed above for argon: The mean relative deviation for the surface tension is
very sensible to variations of the parameters, whereas the mean relative devia-
tions in the liquid viscosity and the liquid thermal conductivity are about a few
hundred percent. The width of the triangular region in the parameter space is
of the order of 30 K in ¢/k and 2 A in 0. Tt is considerably larger than the
triangles found before.

The results for all three dimensional optimization scenarios studied here show
a topology in the objective space which self intersects and leads to a triangular

Pareto set. This topology is explained in more detail below (section 4.4).
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4.8. Sixz Objectives

Figure 4 shows part of the Pareto optimal points in the objective space for
argon for six objective functions: liquid density, vapor pressure, enthalpy of
vaporization, liquid viscosity, liquid thermal conductivity and surface tension.
To view all six objectives simultaneously, they are plotted against a model 1D.
To distinguish the different objectives, different markers are used. For clarity,
not the whole Pareto optimal points are shown, but only those which yield
mean relative deviations below 5 % for the liquid density, the vapor pressure
and the enthalpy of vaporization. The numerical values for the objective func-
tions and the parameter sets corresponding to the model IDs are given in the
Supplementary Material.

It is possible to keep the mean relative deviations for the saturated liquid
density, for the saturated vapor pressure and for the enthalpy of vaporization
below 5 % and for the liquid viscosity, liquid heat conductivity and surface
tension below 10 % (e.g. model ID 1-10). If however a higher mean relative de-
viation in the surface tension and enthalpy of vaporization are accepted (higher
model IDs), lower mean relative deviations in the liquid density, vapor pressure
and liquid thermal conductivity can be achieved. Taking the uncertainties of the
data sets into account, a good compromise is e.g. model number 29 (e/k = 116.6
K, 0 = 3.4 A), with mean relative deviations of 0.6 % for the liquid density,
1.7 % for the vapor pressure, 2.3 % for the enthalpy of vaporization, 8.4 % for
the liquid viscosity, 4.3 % for the liquid heat conductivity, and 11.4 % for the
surface tension. Only the mean relative deviation of the surface tension does
not lie in the range of the experimental or statistical errors (cf. section 3.1).

For methane excellent results can be achieved simultaneously for the liquid
density, vapor pressure, enthalpy of vaporization, liquid thermal conductivity
and surface tension. Compromises for which the mean relative deviation for all
five properties is less than 5 % are found. Only for the liquid viscosity error
sets rally above the cumulated uncertainties of the experiments and simulations
observed (about 20 — 25%). The order of magnitude of that deviation does not

change upon changing the model. This might indicate errors in the experimen-
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tal or simulation data, which could also be systemtic. But it could of course
also be related to problems of the LJ model in representing that property of
methane. Disregarding the performance of the model for the liquid viscosity, a
good comprise ise.g. ¢/k =149K, o = 3.73 A, with mean relative deviations of
0.4 % for the liquid density, 1.5 % for the vapor pressure, 2.1 % for the enthalpy
of vaporization, 1.6 % for the liquid heat conductivity, 26.5 % for the liquid
viscosity, and 3.2 % for the surface tension.

Figure 5 shows the models in the parameter space which form the Pareto set
of argon for six objective functions: liquid density, vapor pressure, enthalpy of
vaporization, liquid viscosity, liquid thermal conductivity and surface tension.
The parameter sets are identified in a brute force variation of the bounded region
in the parameter space shown on the left hand side. On the right hand side a
zoom into the parameter space on the left hand side is presented. Additionally,
models found in the literature are shown (red symbols).

The resulting geometrical structure in the parameter space is an expansion of
the combination of the two three dimensional optimization scenarios for argon:
Three tails form. The shortest is similar to that observed in the parameter
space in the optimization scenario considering the liquid density, vapor pressure
and enthalpy of vaporization in Figure 2. The two longer tails are similar to
those observed in the parameter space for the second optimization task of argon
considering the liquid viscosity, liquid thermal conductivity and surface tension
in Figure 3. The core of the structure, of which the tails stretch out, is shaped
like a triangle, whose main part is similar to that in the first optimization
scenario of argon. It is however noticeable larger and the tails are wider.

There is a large variety of LJ parameter sets for argon published in the
literature. Only some are compared to the results of the Pareto optimization
of the present work in the following. The model of Bembenek and Rice [21] is
derived by using time dependent parameters € and o to steer a non-equilibrium
molecular dynamics simulation to a steady state with a desired bulk density.
An almost identical model is found by Shukla [22], who fits simulation data

for the saturated liquid density and the vapor pressure to the corresponding
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properties derived by the equation of state. Both models lie in close proximity
to the main structure. Vrabec and Fischer [23] fit their model to best reproduce
saturated volumes and enthalpies of vaporization. Fischer et al. [24] and Vrabec
et al. [25] both fit simulation data of the saturated liquid density and the vapor
pressure to experimental data. These three models lie in the region of models
corresponding to Pareto optimal mean relative deviations.

Fischer et al. [24], Shukla [22], Vrabec and Fischer [23] and Vrabec et al. [25]
not only optimized the LJ model for argon, but also published an optimized
LJ model for methane. The parameter sets from Vrabec and Fischer [23] and
Vrabec et al. [25] again lie within the region of models corresponding to Pareto
optimal mean relative deviations, whereas the model from Fischer et al. [24] lies
close to it. The model of Shukla [22] lies somewhat further off. The OPLS-UA
model from Jorgensen et al. [26] was optimized to best reproduce the energy and
density of liquid methane and the TraPPE model from Martin and Siepmann
[27] was adjusted to fit the critical temperature and the saturated liquid density
of methane. Both models are also within the region of models corresponding to
Pareto optimal mean relative deviations.

The model parameters can also be compared to values derived from the prin-
ciple of corresponding states. Lotfi et al. [16] obtained for the reduced temper-
ature at the critical point T, = kT /e = 1.31 and for the critical liquid density
pe = pco® = 0.314. The values for the critical temperature (T(/}r = 150.86
K, TMe = 190.69 K) and the critical volume liquid (vA* = 0.07459 m?/kmol ,
v = 0.0986 m?3/kmol) are taken from the DIPPR databank [15]. Thus cal-
culating the parameters yields ea,/k = 115.16 K and oa, = 3.38 A for argon
and eye/k = 145.47 K and oy = 3.72 A for methane. For both fluids those

parameter sets lie within the Pareto set.

4.4. Topological discussion

To explain the structure of the triangular Pareto set and its tails as shown
in Figures 2 and 3, the white dashed lines in Figure 1 indicating the paths of

lowest descent for the individual properties as well as the global minima marked
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with white crosses in this figure are crucial: The crosses indicate the solutions
obtained for the single objective optimization when only the corresponding prop-
erty is used. As expected, the optima obtained for the different objectives do
not coincide. Therefore, in any optimization which takes into account more
than one of the objectives, a compromise has to be made. Thus moving away
from the global minimum, the least loss in the quality of the representation for
one property has to be accepted if following the path of lowest descent.

Let us first consider the class of optimization problems that are obtained
when two objectives are used. For the six objectives that are studied here,
there are 30 such combinations for each of the two fluids. We illustrate our
argument only using the liquid density and vapor pressure of argon: The global
minima for the two individual properties belong to the Pareto set. E.g. starting
at the global minimum for the mean relative deviation of the liquid density,
the goal is to improve the quality of the mean relative deviation for the vapor
pressure by a variation of the model parameters € and o. Best compromises are
only achieved, if simultaneosly the trade-off for the mean relative deviation in
the liquid density is kept minimal. Hence the variation of the model parameters
has to be along the path of lowest descent of the liquid density, up to the point,
where it intersects the path of lowest descent of the vapor pressure. Then the
further variation has to follow the lowest descent of the vapor pressure until the
global optimum in the mean relative deviation of the vapor pressure is reached.

With the help of Figure 6 we illustrate, how the argument is expendable to
three objectives.

Figure 6 shows the parameter space of the three dimensional optimization
task of argon, considering the mean relative deviations of the liquid density,
vapor pressure and enthalpy of vaporization (cf. Fig. 2). The blue markers
represent the parameter combinations € and o for which Pareto optimal mean
relative deviations in the three properties are achieved. Additionally the lines
of lowest descent for the three individual properties, as well as the two global
minima for the liquid density and the vapor pressure are plotted. For the en-

thalpy of vaporization no global minimum forms, as it is independent from the
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parameter o (see Fig. 1).

For three properties, the triangle is bounded by the three lines of lowest
descent of the three individual properties. The models yielding best compro-
mises lie in this region. Starting from its bounds and moving inside the triangle,
whichever path is taken, the distance to at least one line of lowest descent is
reduced and therefore the quality in the corresponding property improves. Si-
multaneously, the distance to at least one other line of lowest descent increases,
leading to a decline in the quality of this property. Hence, the models inside the
triangle belong to the Pareto set.

A tail is formed, if the global minimum along one line of lowest descent
of one property does not lie between the two points of intersection with the
other lines of lowest descent. It is therefore possible, to improve the quality of
the representant further until their respective global minimum is reached. The
global minimum of the single objective optimizations are, hence, the end points
of the tails.

In Figure 2 three self-intersections are observed in the objective space. Each
starts at one of the corners of the triangle of the Pareto set. Let us consider the
intersection of the lines of lowest descent for the liquid density and the vapor
pressure, as an example. A contour line of the enthalpy of vaporization spreading
from this point can be drawn. There are two directions along the contour line of
the enthalpy of vaporization. In both directions the mean relative deviation in
the liquid density and in the vapor pressure increases monotonically. Thus, it is
possible to find two different parameter sets resulting in the same relative mean
deviations for all three properties. As there are three points of intersecting lines
of descent, three lines of self-intersections are found in the objective space.

Figure 7 shows the parameter space of the six dimensional optimization task
of argon, considering the mean relative deviations of the liquid density, vapor
pressure, enthalpy of vaporization, liquid viscosity, liquid thermal conductivity
and surface tension.

The triangular core structure is bound by the lines of lowest descent of

the vapor pressure, liquid thermal conductivity and surface tension. The lines
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of lowest descent for the liquid density, enthalpy of vaporization and liquid
viscosity run through the triangular region. The three tails spread along the
lines of lowest descent for the vapor pressure, liquid viscosity and liquid thermal
conductivity and end at the respective global minimum for the three properties.
This again confirms the explanation given for the topological characteristics for

argon for the three dimensional optimization task.
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5. Conclusions

In this work we study the multicriteria optimization of the Lennard-Jones
model by Pareto approach for the two fluids argon and methane. As objectives
the mean relative deviations of six different properties, i.e. liquid density, vapor
pressure, enthalpy of vaporization, liquid viscosity, liquid thermal conductivity,
as well as the surface tension, are considered. In a first step a single objec-
tive fit shows the expected conflict: Though for each property excellent results
can be achieved with the Lennard-Jones model, those results are only possible
with very different parameter sets for both argon and methane. To answer the
question if good compromises are achievable, we apply Pareto optimization, to
identify several Pareto sets. First two three dimensional optimization tasks are
considered. An unexpected topology is observed, which can be fully explained
by the results of the single objective optimization problem. Additionally, the
Pareto analysis shows, that good compromises are possible. Finally, all six ob-
jectives are optimized simultaneously and the results presented in the objective
and parameter space. The selection of models leading to Pareto optimal relative
mean deviations in the various properties is again explained by the results of
the single objective optimization. Despite of the complexity of the optimiza-
tion task, good compromises are possible. For argon, with the parameter set
¢/k =116.6 K and ¢ = 3.4 A mean relative deviations of 0.6 % for the liquid
density, 1.7 % for the vapor pressure, 2.3 % for the enthalpy of vaporization,
8.4 % for the liquid viscosity, 4.3 % for the liquid heat conductivity, and 11.4
% for the surface tension are achieved. For methane, with the parameter set
€/k =149 K and ¢ = 3.73 A mean relative deviations of 0.4 % for the liquid
density, 1.5 % for the vapor pressure, 1.6 % for the enthalpy of vaporization,
26.5 % for the liquid viscosity, 2.1 % for the liquid heat conductivity, and 3.2
% for the surface tension are achieved. A comparison to the model calculated
from the principle of corresponding states as well as to models from former
optimization efforts agree well with the identified Pareto set.

Pareto optimization is attractive for developing force field models, as it allows
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complete assessment of what can be achieved with a given model.

A future challenge is to directly combine multicriteria optimization algo-
rithms with molecular simulations. Therefore algorithms, which are available
for determining the Pareto set need to be adapted. They allow an efficient ex-
ploration of the Pareto frontier. Thus a complete sampling of the parameter
space is not necessary and the performance of more complex molecules can be
studied.

Beyond the scope of this work, Pareto optimization is attractive for parame-
terizing other models for thermodynamic properties like e.g. equations of states

and gP-models.
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Nomenclature

N number of temperatures

O thermodynamic property

k Boltzmann’s constant

f objective function

P dimension objective space
p° saturated vapor pressure

q dimension design space

U Lennard-Jones potential
Vo critical volume liquid

T decision vector

T temperature

Te critical temperature

Trp  triple point temperature
Ahy  enthalpy of vaporization

1) mean relative deviation

€ Lennard-Jones energy parameter
vy surface tension

N liquid thermal conductivity
n liquid shear viscosity

o saturated liquid density

pe critical liquid denisty

o Lennard-Jones size parameter
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