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AbstratThe di�erene between thermophysial properties of a nanodroplet surfae and a marosopiinterfae, whih is planar on the moleular level, an hardly be studied by experimental meth-ods. Yet it is important for refrigeration and energy tehnology as well as meteorology tounderstand �uid interfaes with extremely high urvatures, beause they haraterize the initialstage of ondensation and boiling proesses. Curved �uid interfaes an be investigated on thenanometer length sale by moleular dynamis simulation. Thereby, droplets surrounded bya metastable vapor phase are stabilized in the anonial ensemble and sampled over an arbi-trary time span. For nanodroplets of the trunated and shifted Lennard-Jones �uid, simulationresults regarding interfaial lengths and exess quantities on�rm the viability of the Tolmanapproah. The emergene of nanodroplets during nuleation is a non-equilibrium phenomenon.Both the non-steady qualities of ondensation proesses as well as stationary quantities relat-ing to the nuleation in supersaturated vapors are studied here. A new method is introduedfor the steady-state simulations, whereby the grand anonial ensemble is extended by demoninterventions so that only nuleation in the metastable vapor is onsidered.
ZusammenfassungDer Untershied zwishen den thermophysikalishen Eigenshaften der Ober�ähe eines Na-notröpfhens und einer auf molekularer Ebene planaren makroskopishen Grenz�ähe ist expe-rimentell kaum zugänglih. Dennoh ist es für die Kälte- und Energietehnik sowie die Meteo-rologie wihtig, extrem stark gekrümmte �uide Grenz�ähen zu begreifen, da sie den Beginnvon Kondensations- und Siedevorgängen harakterisieren. Die Molekulardynamik erlaubt es, ge-krümmte �uide Grenz�ähen auf der Nanometerskala zu untersuhen. Dabei werden von einemmetastabilen Dampf umgebene Tröpfhen im kanonishen Ensemble stabilisiert und über einenbeliebig langen Zeitraum ausgewertet. Simulationsergebnisse zu harakteristishen Längen undExzessgröÿen für die Ober�ähe von Nanotröpfhen des stetig abgeshnittenen Lennard-Jones-Fluids bestätigen die Anwendbarkeit des Ansatzes von Tolman. Die Entstehung von Nanotröpf-hen durh Nukleation ist ein Nihtgleihgewihtsphänomen. Hier werden sowohl die instatio-nären Eigenshaften von Kondensationsprozessen als auh stationäre Gröÿen für die Nukleationin übersättigten Dämpfen untersuht. Für die stationären Simulationen wird eine neue Metho-de eingeführt. Dabei wird das groÿkanonishe Ensemble um Eingri�e eines Dämons erweitert,sodass nur die Nukleation im metastabilen Dampf berüksihtigt wird.
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1 Moleular thermodynamis1.1 Ludwig Boltzmann and his epohThe moleular struture of matter

Figure 1.1: Ludwig Eduard Boltzmann [2℄.Boltzmann is the father of moleular thermodynamis, based on the disrete struture ofmatter. He introdued many of the key notions that form the basis of physial hemistry today,among them the statistial onept of an ensemble whih he alled Monode [3℄. He �rst for-mulated what is now known as the ergodi1 hypothesis [5�7℄. Boltzmann also developed the Htheorem [7, 8℄, providing a mehanial foundation for the seond law of thermodynamis underthe impliit assumption of the Stoÿzahlansatz, i.e. the separability of position and momentumoordinates. In a later artile [9℄, he derived the H theorem with a di�erent proof. However, hetherein impliitly assumed the absene of long-range interations [7℄. Using the Stoÿzahlansatz,he also obtained the Boltzmann equation [3, 8℄, whih is of fundamental importane for kinetigas theory [3, 10℄.During his lifetime, Boltzmann's theory was opposed by a number of his olleagues, notonly on the grounds of stritly thermodynami reasoning, but also due to traditions of naturalphilosophy.2 Around the time of his death, the moleular approah began to progress morerapidly than the ompeting paradigms, whih inluded energetis and positivist dynamism.3Within a few years it was �rmly established, notably due to the impat of J. J. Thomson'sathode ray experiments, whih proved the orpusular nature of the eletri harge, as well1In Boltzmann's own terms, it would be isodi rather than ergodi, f. also the Historial Note of Gallavottiet al. [4℄.2For instane, the enylopedist Thiry d'Holbah had regarded divisibility as an inherent property of matter:�. . . de l'étendue, de la mobilité, de la divisibilité, de la solidité, de la fore d'inertie. De es propriétésgénérales & primitives il en déoule d'autres� [11℄. Against this bakground, Boltzmann's ontemporarieshad to be positively onvined of the superiority of a moleular paradigm.3This development was also relevant for the philosophial disussions at that time [12, Setion 5.5℄. 1



1 Moleular thermodynamisas the e�orts of Einstein and Smoluhowski who had suessfully applied moleular kinetis toBrownian motion.L. E. Boltzmann [2, 13℄:February 20, 1844Birth in Vienna, Austria.
1866Dr. phil. with the dissertation Über die mehanishe Bedeutung des zweiten Hauptsatzesder mehanishen Wärmetheorie [14℄ at the University of Vienna.
1869Appointment to the new hair of Mathematial Physis at the University of Graz.
1872Weitere Studien über das Wärmegleihgewiht unter Gasmolekülen [8℄.
1876 � 1890Professorship for Experimental Physis at the University of Graz.
1877Über die Beziehung [9℄.
1887Retor of the University of Graz.
1899Fellow of the Royal Soiety.
1900 � 1902Professorship at the University of Leipzig.September 5, 1906Suiide in Duino near Trieste, Austria.Phase equilibriaWith great mathematial rigor, Gibbs oneived a theory for the phenomenologial aspetsof the thermodynami ensemble, ontributing to the formalization of Boltzmann's ideas andthe �eld of thermodynamis as a whole [16, 17℄.In his artiles on the equilibrium of heterogeneous substanes [18, 19℄, he put forward ageneral theoretial analysis of phase oexistene that overed a multitude of aspets. He derivedthe phase rule whih states that in a system with k omponents and j phases oexisting inequilibrium, there are

g = k − j + 2, (1.1)thermodynami degrees of freedom (DOF) suh as omposition, pressure, volume, or tempera-ture. For instane, the vapor-liquid equilibrium (VLE), orresponding to j = 2, of a pure �uid(k = 1) has a single thermodynami DOF (g = 1), whih yields one-dimensional binodal lines.2



1.1 Ludwig Boltzmann and his epoh

Figure 1.2: Josiah Willard Gibbs junior [15℄.The essene of the Gibbs approah is expressed by the notion of axiomati thermodynamis.In a way similar to Eulidian geometry, it does not depend on the appearane, funtion, orstruture of the elements it deals with. This abstratness is the reason for its independene ofvery basi issues with whih it is objetively losely related, e.g. whether matter is ontinuousor atomisti. For the same reason, axiomati thermodynamis often provides the most suitableonepts where the preise struture on the moleular level is not understood learly. Nanosopi�uid interfaes are an appliation where the theory has remained produtive to the present day,and a few examples are given in this work.J. W. Gibbs [2℄:February 11, 1839Birth in New Haven, United States.
1863Ph.D. in engineering with a dissertation On the form of the teeth of wheels in spur gearing[21℄ at Yale College.4
1871Appointment to the new hair of Mathematial Physis at Yale College, where he re-mained until his death.4Gibbs reeived the �rst engineering dotorate in Ameria. His thesis was atually only published in 1947.

Figure 1.3: Johannes Diderik van der Waals senior [20℄. 3



1 Moleular thermodynamis
1878On the equilibrium of heterogeneous substanes [18℄.
1897Fellow of the Royal Soiety.April 28, 1903Death in New Haven, United States.The equation of stateLong before moleular thermodynamis was universally aepted, van der Waals revealedthe power inherent in its basi onepts through his general equation of state (EOS) for �uids[22℄. By identifying the temperature of a liquid with its kineti energy, he based his theory onan assumption that was still ontroversial at the time.5 The virial theorem6 of Clausius [25℄

3
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pV − 1

2

∑

{ı,j}

fıjRıj = Ukin, (1.2)ould then be applied to the entire isotherm of a �uid, from a dilute gas to a dense liquid. Thevan der Waals equation [22, 23, 26℄
(

p+
N2κa
V 2

)

(V −Nκb) = NT, (1.3)therefore arried an immediate physial signi�ane,7 sine κa was interpreted as �the moleularpressure arising from attration between the moleules� while Nκb was supposed to represent�four times the volume of the moleules� [23℄. These onsiderations, providing a qualitativelyaurate understanding of �uid phase behavior in general, were also the foundation for thetheory of orresponding states [28℄.Although many modern EOS are purely empirial, they all ultimately rely on moleularthermodynamis and notions introdued by van der Waals. His approah is still produtivetoday, as EOS based on a sound physial reasoning are being developed and applied to aninreasing number of �uid systems [29�31℄. The well-known idea of a �van der Waals loop�,onneting points on the spinodal line by a losed isothermal urve through the unstable regime,5Maxwell ommented in his 1874 reension of van der Waals' work that for liquids �we know, as yet, nothingof the physial ondition on whih their temperature depends, though the researhes of Boltzmann on thissubjet are likely to result in some valuable disoveries. M. Van der Waals seems, therefore, to be somewhattoo hasty in assuming that the temperature of a substane is in every ase measured by the energy ofagitation of its individual moleules, though this is undoubtedly the ase with substanes in the gaseousstate� [23℄.6Cf. Hirshfelder [24℄ for an in-depth disussion of relations similar in type to the Clausius virial theorem.7From here onwards, the onvention of assigning unity value to the Boltzmann onstant and the elementaryharge is applied, i.e. the temperature 1 K is the same as an energy of the magnitude 1.3807 · 10−23 J(instead of that amount of energy divided by k), and the sodium ion has a harge of +1 (instead of +1 e).Furthermore, the mole is de�ned to be idential with Avogadro's number, i.e. 1 mol = 6.0221 · 1023. Thiseliminates the di�erene between marosopi and moleular systems of referene, e.g. the vaporizationenthalpy of water at ambient pressure is equivalently expressed by ∆hv = 40.65 kJ/mol or 2.448 · 10−18 Jas well as 177300 K. These onventions are also employed e.g. in the textbook of Abrikosov et al. [27℄.4



1.1 Ludwig Boltzmann and his epohlaks a rigorous physial basis, sine unstable states do not atually orrespond to well-de�nedthermodynami onditions. On the other hand, it an be suessfully applied to many pratiallyrelevant systems, inluding vapor-liquid interfaes on the moleular level [32�34℄.J. D. van der Waals [20℄:November 23, 1837Birth in Leiden, Netherlands.
1873Dotor with the dissertation Over de ontinuiteit van den gas- en vloeistoftoestand [22℄at the University of Leiden.
1877Appointment to the hair of Physis (Natuurkunde)8 at the newly founded University ofAmsterdam where he remained until 1908, sueeded by his son J. D. van der Waals jr.
1911 On the value of the ritial quantities [28℄.
1896 � 1912General Seretary of the Royal Netherlands Aademy of Sienes.
1910Nobel Prize in Physis.Marh 8, 1923Death in Amsterdam, Netherlands.Phase separation

Figure 1.4: Wilhelm Friedrih Ostwald [35℄.Ostwald ripening is the last stage of a phase transition proess, where large nulei of theemerging phase grow while the smaller ones deay due to the Gibbs-Thomson e�et. Althoughthe underlying thermophysial auses were understood previously, it was �rst independentlydisussed by Ostwald in his 1900 paper Über die vermeintlihe Isomerie [36℄.8Other natural sienes suh as hemistry and biology are not regarded as �natuurkunde� in the Netherlands.5



1 Moleular thermodynamisOver the ourse of several deades, Ostwald was also atively involved with a multitude ofphilosophial and politial issues. For instane, he advoated progressive shool reforms, radialseularism (he served as president of the anti-lerial organization Deutsher Monistenbund),the abolition of interest, and the development of an international auxiliary language [37�41℄.Ostwald also argued that materialism should be replaed as the guiding philosophy of siene.His own system, alled Energetik, revolved around the onservation of energy9 instead of theonservation of matter whih Ostwald presumed to be at the ore of materialism [44℄.Although the main shortoming of Ostwald 's philosophial approah onsisted in dealingwith ompletely unrelated topis in terms of energy balanes, its most relevant impat atuallywas that it made him an opponent of Boltzmann's theoretial developments. After the suessof moleular thermodynamis, whih Ostwald eventually reognized [45℄, he reassigned his ownsienti� e�orts to aesthetis and the systematization of olors [46℄.W. F. Ostwald [13, 20℄:September 2, 1853Birth in Riga (�èãà), Russia.
1878Dr. hem. with the dissertation Volumhemishe und optish-hemishe Studien [48℄ atthe Imperial University of Dorpat (Äåðïò, i.e. Tartu).
1882Appointment to a hair of Chemistry at the Polytehnium of Riga.
1885Das Verdünnungsgesetz [49℄.
1887 � 1906Professorship at the University of Leipzig.
1900Über die vermeintlihe Isomerie [36℄.9Ostwald 's version of the ategorial imperative was [41, 42℄: �Vergeude keine Energie, verwerte und veredlesie!� He quali�ed energy with the attributes die allgemeinste Substanz and das allgemeinste Akzidenz [43℄.

Figure 1.5: Marian Wilhelm Teo�l Smoluhowski, Ritter von Smolan [47℄.6



1.1 Ludwig Boltzmann and his epoh
1909Nobel Prize in Chemistry.April 3, 1932Death in Leipzig, Germany.Critial phenomenaBy applying statistial mehanis to the density �utuations in a homogeneous �uid, Smolu-howski [50℄ provided an explanation of ritial opalesene, i.e. light sattering by �uids inthe immediate viinity of the ritial point. Sine in the limit of the ritial point, signi�antdensity �utuations are present on all length sales, inluding the wavelength of visible light,they interfere with the light, ausing a Tyndall e�et. The extent of this phenomenon was laterquanti�ed more preisely by Einstein [51℄.Furthermore, Smoluhowski ontributed a mathematially robust foundation for the seondlaw of thermodynamis [52, 53℄ as well as Brownian motion [54�56℄, on the basis of the kinetigas theory.M. Smoluhowski [2, 57℄:May 28, 1872Birth in Vorder-Brühl near Vienna, Austria.
1894Dr. med. sub auspiiis Imperatoris,10 f. Preining [57℄, with the dissertation AkustisheUntersuhungen über die Elastiität weiher Körper [58℄ at the University of Vienna.
1900Appointment as a professor of Theoretial Physis at the University of Lemberg (Ëüâiâ)where Smoluhowski remained until 1913.
1906 � 1908President of the Copernius Soiety of Natural Sientists.
1908Molekular-kinetishe Theorie der Opaleszenz von Gasen im kritishen Zustande [50℄.
1914Gültigkeitsgrenzen des zweiten Hauptsatzes der Wärmetheorie [56℄.
1917Retor of the Jagiellonian University of Krakow.September 5, 1917Death in Krakow, Austria.10In Austria, one dissertation per university was assigned the prediate sub auspiiis every year � a traditionthat ontinues to this day, with the President replaing the Emperor. The right to award the promotion subauspiiis used to rotate among the departments. This may help to explain why Smoluhowski reeived thetitle Dr. med. for a dissertation that was only marginally related to mediine even by 19th entury standards.7



1 Moleular thermodynamis

Figure 1.6: System ontaining a single point harge (•) and a dipole omposed of two op-posite point harges (◦). The angle ψ as well as the radii r and r′ orrespond to the system ofpolar oordinates used in Eqs. (1.10) and (1.11).1.2 Moleular modelingIntermoleular interations operate on three length sales: short-range repulsion, short-rangeattration, and long-range eletrostatis whih an be both attrative and repulsive.11 Theseinterations are di�erent manifestations of Coulomb's law
uqq(r) = KCr

−1q1q2, (1.4)where KC = 167 101 KÅ is the Coulomb onstant, q1 and q2 are the interating harges, and
r is the distane between the harges [63, 64℄. Coulomb's law serves most immediately as adesription of long-range eletrostatis. Long distanes, here orresponding to r above 15 Å,permit some simpli�ations so that the loal density of the eletrons, as given by their wavefuntions, an usually be represented aurately enough by point harges.Opposite harges that are situated relatively near to eah other an often be treated as asingle point polarity. For instane, the dipole moment

w = r′q′, (1.5)is de�ned by the distane r′ between two opposite harges −q′ and +q′. Similarly, two oppositedipoles (with a dipole moment of w) separated by a distane r′′, in the harateristi diretionof the dipoles, de�ne a quadrupole
ϕ = r′′w. (1.6)More generally, the net harge q, the dipole moment vetor w, and the quadrupole momenttensor Φ of a body with N point harges qı at the oordinates xı = (Xı1/Xı2/Xı3) are the11The reader may also want to onsult, for instane, the textbooks by Allen and Tildesley [59℄, Frenkel andSmit [60℄, or Griebel et al. [61℄. For a reapitulation of basi statistial mehanis, the reader is referred toLandau and Lif²i [62℄.8



1.2 Moleular modeling�rst three terms of its multipole expansion
q =

N
∑

ı=1

qı, (1.7)
w =

N
∑

ı=1

qıxı, (1.8)
(Φ)jk =

{ ∑N
ı=1 3qıXıjXık, for j 6= k,

∑N
ı=1 qı

(

3X2
ıj − x2

ı

)

, for j = k,
(1.9)orresponding to the salar values w = |w| and ϕ = |Φ|. Thereby, only the magnitude ofthe highest-order non-zero multipole moment does not depend on the hoie of the oordinateaxes. This is most obvious for a single point harge at the position x = (X/Y/Z) with respetto the origin of the multipole expansion, whih has an invariant harge q, but a oordinatesystem dependent dipole vetor w = qx and the quadrupole tensor

Φ = q





3X2 − x2 3XY 3XZ
3XY 3Y 2 − x2 3Y Z
3XZ 3Y Z 3Z2 − x2



 .Thus, the higher-order polarities disappear only if the multipole expansion is developed aroundthe position of the single point harge itself.12 A system onsisting of a dipole w and arelatively remote single point harge q an be expressed in a polar oordinate system suh thatthe opposite harges are situated at r±w = r′/2, ψ+
w = ψ, ψ−

w = ψ + 180◦, and χ±
w = 0, whilethe single harge has the oordinates rq = r and ψq = χq = 0, f. Fig. 1.6. The interationenergy between the single harge and the dipole is then given by

uqw(r, r
′, ψ) =

KCqw

r1/2(r′)3/2

(

[

r′

4r
− cosψ +

r

r′

]−1/2

−
[

r′

4r
+ cosψ +

r

r′

]−1/2
)

, (1.10)whih simpli�es to
uqw(r, ψ) = −KCr

−2qw cosψ, (1.11)in the limit r′/r → 0 with a onstant value of w. For the other ombinations of point polarities,12In the remainder of the present work, only highest-order non-zero moments will be used, i.e. polar moleuleswill be regarded as either dipolar or quadrupolar. There are ases where this assumption onstitutes anoversimpli�ation and several terms of the multipole expansion have to be taken into aount. This regardsin partiular �uids that are both dipolar and signi�antly quadrupolar, a ase whih was exhaustively analyzedby Vrabe and Gross [65℄. 9



1 Moleular thermodynamisone analogously obtains [66℄
uww(r, ψ1, ψ2, χ) = −KCr

−3w1w2

(

2 cosψ1 cosψ2 − cosχ sinψ1 sinψ2

)

, (1.12)
uqϕ(r, ψ) =

KC

4
r−3qϕ

(

3 cos2 ψ − 1
)

, (1.13)
uwϕ(r, ψw, ψϕ, χ) = −3KC

4
r−4wϕ

(

2 cosχ sinψw sinψϕ cosψϕ +
[

1− 3 cos2 ψϕ
]

cosψw
)

, (1.14)
uϕϕ(r, ψ1, ψ2, χ) =

3KC

16
r−5ϕ1ϕ2

(

1− 5
[

cos2 ψ1 + cos2 ψ2

]

− 15 cos2 ψ1 cos
2 ψ2

+2
[

cosχ sinψ1 sinψ2 − 4 cosψ1 cosψ2

]2
)

, (1.15)where q, w, and ϕ represent point harges, dipoles, and quadrupoles, respetively, and ψ aswell as χ are angles in the system of polar oordinates with the referene axis (the diretionfor whih ψ beomes zero) given by the line onneting both point polarities. These anglesdesribe the harateristi diretion of the orresponding point multipole with respet to thereferene axis: ψ is the deviation from this axis and χ is the angle between the two planesde�ned by the axis and one of the harateristi diretions.By applying the point polarity approximation, the omputational e�ort for handling eletro-statis is minimized while su�ient auray is maintained for the full arsenal of thermophysialproperties that an be studied on the basis of moleular modeling [67, 68℄. This is even thease if the same approximation is used for intermoleular distanes below 15 Å.The short-range repulsive interation is due to the overlap between orbitals belonging todi�erent moleules and is therefore ultimately aused by the repulsion between the eletrons.At small distanes between the respetive atomi nulei, the orbitals begin to overlap signi�-antly, an unavoidable e�et in all ases where Pauli exlusion applies.13 Repulsion dereasesexponentially with the radius. Even on the moleular length sale, it only has a signi�antin�uene over an extremely short range of distanes. Therefore, it an for many purposes betreated by the perturbation theory [69℄,14 based on the hard sphere model [72℄,15 for whih theCarnahan-Starling [74, 75℄ EOS
p

ρT
=

1 + υ + υ2 − υ3

(1− υ)3
, (1.16)is empirially known to hold in terms of the paking fration υ = πσ3

hρ/6, i.e. the frationof the volume oupied by the hard spheres, where ρ is the �uid density and σh is the hard13For orbitals ontaining a single eletron or in ase of bosoni systems, the small distane does not neessarilylead to an overlap between orbitals.14The relevane of the perturbation theory for modern thermodynamis is disussed by Fisher in AusgewählteKapitel der Molekularen Thermodynamik [70℄. For its appliation to urved �uid interfaes, the reader isreferred to Henderson and Sho�eld [71℄.15The viability of the hard sphere model for real �uids was asserted by Sutherland who ommented in 1893that �with the natural gases the variation of visosity with temperature is more rapid than was asserted bytheory; . . . moleular fore auses the spheres to behave as regards ollisions as if they were larger spheresdevoid of fore . . . Hene, in the theory of visosity as worked out for foreless moleules, we need onlyinrease the square of the moleular sphere-diameter� [73℄.10



1.2 Moleular modelingsphere diameter. Equivalently, the Carnahan-Starling EOS an be denoted as a Leiden formvirial expansion
p

T
=
∑

k∈N

bkρ
k, (1.17)where the k-th virial oe�ient is given by

bk =
(

πσ3
h/6
)k−1 (

k2 + k − 2
)

, (1.18)exept for the �rst virial oe�ient whih is of ourse 1. Two of the peularities of thisEOS, namely the temperature independene of the virial oe�ients and the divergene of
p for υ → 1, are due to harateristis of the hard-sphere model. In fat, any exponentialdeay of bk in terms of k leads to an unphysial divergene of pressure and energy at a �nitedensity. Nonetheless, these issues are hardly relevant in the present ontext, sine a realistitemperature dependene an be introdued by perturbation terms and the densities for whihthe Carnahan-Starling EOS predits an in�nite pressure do not orrespond to �uid phases.The short-range dispersive interation is due to the London fore [76℄, i.e. the derivative of

u(r) =
3π~MıMj

(ν−1
ı + ν−1

j )r6
+O

(

r−7
)

, (1.19)wherein ~ is the redued Plank onstant. Here, M and ν represent the polarizabilities as wellas the eigenfrequenies, respetively, of the e�etive osillators orresponding to the eletronsof the moleules ı and j that ontribute to the dispersion. Although temporary (dispersive)and permanent (eletrostati) polarities annot be ompletely separated in theory, moleularmodeling usually relies on that approximation. Aordingly, the stati harge distribution isdesribed by point harges or point polarities, while e�etive pair potentials are used for therepulsive and London fores. These two ontributions to the potential energy are then treatedindependently, and the in�uene of permanent polarities on the dispersive interation is taitlyonsidered by adjusting the parameters of the pair potential so that experimentally available�uid properties an be reprodued by simulation. Generally, this approah also permits theassumption of pairwise additivity
U =

∑

ı

Ukin(ı) +
∑

{ı,j}

u(ı, j), (1.20)whih is exat for Coulomb's law and the kineti part, a good approximation for the dispersiveinteration,16 and inherently valid for repulsion with the exeption of extremely high densities,sine simultaneous repulsions between more than two moleules are relatively rare.The exponential deay of the repulsion and the r−6 saling of London dispersion are a-ounted for by the Bukingham [78℄ potential, given by
u(r)

εB
=

β6B
(6/αB − 1) r6

+
exp (αB [1− r/βB])

αB/6− 1
, (1.21)16�the formula . . . has the peuliarity of additivity; this means that if three moleules at simultaneously uponeah other, the three interation potentials between the three pairs . . . are simply to be added, and that anyin�uene of a third moleule upon the interation between the �rst two is only a small perturbation e�et�[77℄. 11



1 Moleular thermodynamisan e�etive pair potential with three parameters: αB is a dimensionless value that determinesthe deay of the repulsive interation, and εB as well as βB are the magnitude of the potentialenergy minimum and the distane where the minimum is loated, respetively. Additionally,the Bukingham potential is shielded at small distanes by a hard ore.In Eq. (1.21), whih aounts for both repulsive and attrative short-range e�ets, theenergy only ours as a multiple of εB while the distane is always divided by βB. While theaeleration a of a partile due to the interation depends on its massm, the fore f experienedby it is immediately given by the gradient of the potential energy. Evidently, if the aelerationmultiplied with the moleular mass is onsidered, m anels out and only f remains. Sine thepotential energy is given as a multiple of εB and the derivative is taken with respet to theCartesian oordinates that appear as multiples of βB in Eq. (1.21), all model parameters anelout, analogously, if a is redued (i.e. divided) by the referene aeleration
aref =

εB
βBm. (1.22)This reasoning permits the general introdution of redued quantities, expressed in a system ofunits based on the parameters βB, εB, m, and KC if eletrostati long-range interations arepresent.Suh a redution lari�es the extent of generality for a moleular modeling approah: Inase of the Bukingham potential, only αB remains truly variable in the sense that it has a non-linear in�uene, e.g. on the shape of the vapor-liquid binodal. The size and energy parameters(and also the moleular mass), however, are qualitatively eliminated, beause their ontributionis limited to quantitative saling. For instane, all binodals that an be obtained by hanging

βB only are geometrially similar. In this way, the approah of orresponding states manifestsitself for moleular modeling. Just as for an EOS, the saling parameters an be related to theritial point of the �uid, as long as the remaining, qualitatively relevant parameters are �xed.The Lennard -Jones-12-6 (LJ) potential [79℄ approximates the repulsion by a polynomialterm.17 With a size parameter σ and an energy parameter ε, it is given by
uLJ(r) = 4ε

[

(σ

r

)12

−
(σ

r

)6
]

. (1.23)In omparison with the Bukingham potential, this expression is omputationally easier to handleand it requires only two instead of three parameters. More importantly, these two parametersonly in�uene quantitative saling and an be fully eliminated as desribed above. Thus, onean speak of the LJ �uid as a single well-de�ned �uid model. Several widespread variants ofthis model are de�ned by trunating and shifting (TS) the LJ potential at the uto� radius rc,yielding the LJ·TS potential [59℄
uTS(r) =

{

uLJ(r)− uLJ(rc) for r < rc,
0 for r ≥ rc.

(1.24)Most typially, the LJ·TS potential is used with rc = 2.5 σ [80�86℄, whih will be referred toas the LJ·TS �uid throughout the present work. However, a uto� radius of rc = 27/6 σ is alsoin use [87, 88℄. With a uto� at the potential energy minimum rc = 21/6 σ, orresponding to17The inventor of the LJ potential, Sir J. E. Lennard-Jones, was still known under the name of Jones at thetime of its publiation in 1924.12



1.2 Moleular modelingWeeks-Chandler -Andersen (WCA) perturbation theory [89℄, one speaks of the WCA potential[90�93℄.In Figs. 1.7 and 1.8, the LJ and LJ·TS potentials are ompared with the more ompliatedHFD-B type18 Aziz-Chen potential [94℄
u(r) = α′A exp

(−r
σA [rβAσA + αA])

−
(

κ6σ
6A

r6
+
κ8σ

8A
r8

+
κ10σ

10A
r10

)

exp

(

−
[

β ′AσA
r

− 1

]2
)

, (1.25)using the respetive parameters orresponding to xenon [85, 95, 96℄.Oddly enough, the full LJ potential overestimates the ritial values of temperature andpressure for real �uids, whereas the LJ·TS model underpredits both Tc and pc.19 Table 1.1shows the ritial properties of argon, krypton, xenon, and methane, expressed in redued unitswith respet to the orresponding LJ and LJ·TS parameters that were optimized to the overallreprodution of VLE data. While the LJ �uid is expeted to have Tc = (1.284± 0.007) ε and
pc = (0.115 ± 0.003) εσ−3 based on the values from Tab. 1.1, the atual ritial propertieswere determined in 1992 by Lot� et al. [97℄ as Tc = 1.310 ε and pc = 0.126 εσ−3, puttingan end to a series of widely deviating preditions by various authors.20 Conversely, the ritialproperties of noble gases and methane in redued units are Tc = (1.091 ± 0.002) ε and
pc = (0.0987 ± 0.0007) εσ−3 using the orresponding LJ·TS parameter values [85℄, whereasaording to the same soure, the LJ·TS �uid itself has Tc = 1.0779 ε and pc = 0.0935 εσ−3.The rigid symmetri two-enter LJ (2CLJQ) model onsists of a point quadrupole ϕ in theenter of mass and two LJ sites (with the same potential parameters σ and ε) equidistant fromthe enter of mass, oupying opposite positions, separated by the elongation L. In Tab. 1.1 itan be seen that, as expeted, a higher redued value of the quadrupole moment inreases theredued ritial temperature. Surprisingly, the moleular elongation has even more in�uene:The moleular models for ethane, propene, per�uoroethane, and sulfur hexa�uoride all havesimilar (redued) elongations, while the polarity varies between a very weak and a very strongquadrupole moment. For Tc/ε, however, this only orresponds to a twenty perent variation.The same an be said as regards the omparison between oxygen, nitrogen, and ethene (thevariation in Tc/ε is even smaller here). If the ritial temperature of ethane, whih is signi�antlyanisotropi but only sightly quadrupolar, is ontrasted with the LJ ase21 of L = 0, one obtainsa deviation of about 58 %. By extrapolating the set of 2CLJQ values shown in Tab. 1.1 tothe limit ϕ → 0, it beomes lear that this deviation is almost entirely due to the moleularelongation. The overall dependene is disussed by Stoll et al. [99℄.18In the relevant publiation [94℄, three pair potentials are introdued and referred to as HFD-A, B, and C.Considering its ontext, the abbreviation HFD may e.g. stand for Hartree-Fok dispersion, although theauthors do not larify this.19By impliation, a LJ uto� radius larger than 2.5 σ must exist suh that the trunated-shifted potentialoptimally reprodues the ritial behavior of methane and the noble gases.20More reent studies, e.g. by Poto� and Panagiotopoulos [98℄ who obtained Tc = (1.3120± 0.0007) ε and

pc = (0.1279± 0.0006) εσ−3, on�rm the results of Lot� et al. [97℄.21Note that, although the ritial temperature appears to be muh higher for the 2CLJQ models than for theLJ �uid, with L → 0 the 2CLJQ model beomes a single LJ site with an energy parameter of 4ε, instead of
ε, due to the 2 ·2 formal LJ interations between a pair of 2CLJQ moleules. Sine the ritial temperaturesare redued by the respetive energy parameters here, a fator four has to be applied in order to omparethe values orretly. 13



1 Moleular thermodynamis

Figure 1.7: Potential energy from the pairwise interation between xenon atoms aording to(solid line) the LJ potential [96℄, (dotted line) the LJ·TS potential [85℄, and (dashed line) theHFD-B type Aziz-Chen potential [95℄, with the potential parameters orresponding to xenon.The analogous 2CLJD approah, where the point quadrupole is replaed by a point dipole,an also be suessfully applied for many dipolar moleules [100�102℄. In that ase, the relationbetween VLE data and the four potential parameters σ, ε, L, and w is desribed by the Gross-Vrabe EOS [103℄.

Figure 1.8: Net fore from the pairwise interation between xenon atoms aording to (solidline) the LJ potential [96℄, (dotted line) the LJ·TS potential [85℄, and (dashed line) the HFD-Btype Aziz-Chen potential [95℄, with the potential parameters orresponding to xenon. Positivevalues of the fore orrespond to repulsion between two atoms.14



1.2 Moleular modelingTable 1.1: LJ model parameters (top) for noble gases as well as methane [96℄, LJ·TS modelparameters (enter) for noble gases as well as methane [85℄, and 2CLJQ model parameters(bottom) for quadrupolar �uids [96℄. The LJ size parameter σ is given in units of Å while ε isgiven in units of K, and further values suh as the redued moleular elongation L⋆ = L/σ, theredued quadrupole moment ϕ⋆ = ϕ/K−1/2
C ε1/2σ5/2 are expressed in LJ units. Critial pointproperties of the respetive �uids aording to experimental results [104�115℄ are also indiatedusing the LJ system of units, i.e. T ⋆c = Tc/ε for temperature and p⋆c = pc/εσ

−3 for pressure.Fluid σ/Å ε/K L⋆ ϕ⋆ T ⋆c p⋆c
Ar 3.3952 116.79 1.290 0.1179 [105℄
Kr 3.6274 162.58 1.288 0.1174 [107℄
Xe 3.9011 227.55 1.273 0.1104 [108℄
CH4 3.7281 148.55 1.283 0.1162 [114℄
Ar 3.3916 137.90 1.092 0.0995 [105℄
Kr 3.6233 191.52 1.094 0.0993 [107℄
Xe 3.9450 265.78 1.090 0.0978 [108℄
CH4 3.7241 175.06 1.089 0.0983 [114℄
C2H4 3.7607 76.950 0.33757 1.5320 3.669 0.2523 [112℄
N2 3.3211 34.897 0.31508 1.0319 3.616 0.2583 [113℄
O2 3.1062 43.183 0.31225 0.6155 3.580 0.2535 [110℄
SF6 3.9165 118.98 0.66578 2.0000 2.679 0.1423 [106℄
C2F6 4.1282 110.19 0.66000 1.9989 2.659 0.1406 [111℄
C3H6 3.8169 150.78 0.65535 1.4461 2.420 0.1234 [104℄
CO2 2.9847 133.22 0.81000 1.8176 2.283 0.1067 [115℄
C2H6 3.4896 138.99 0.68094 0.2646 2.229 0.1097 [109℄It is straightforward to generalize the part of a moleular model that overs long-rangeeletrostatis to mixtures. There is no reason to assume that the simpli�ations whih areusually made, suh as point harges and point polarities, should be less valid for the unlikeinteration between moleules that belong to di�erent omponents than between moleules ofthe same speies. Therefore, the Coulomb equation an be applied to the unlike interationbetween point polarities as well, and no further modi�ation is required.The ase is more ompliated for the London fore and the short-range repulsive interation.In priniple, the same onsiderations apply for mixtures as well as for pure �uids, but when theLJ potential is used as an approximation, it is not straightforward to extend it to the interationsof unlike speies with the same auray. In pratie, a number of heuristi ombination rulesare used, some of whih even laim to have a physial foundation.22 The length sale for theunlike interation an be quite reliably estimated from the Lorentz ombination rule [117℄

σAB =
1

2
(σA + σB) , (1.26)whih is partiularly aurate for the repulsive part. Berthelot [118℄ proposed the rule

εAB = (εAεB)
1/2 , (1.27)22Instead of disussing a variety of struturally similar rules here, the reader is referred to Shnabel et al. [116℄.15



1 Moleular thermodynamisTable 1.2: Binary interation parameters for the modi�ed Berthelot rule, f. Eq. (1.28),adjusted to VLE data using LJ and 2CLJQ models [119�121℄. No experimental results areavailable for binary VLE of methane, ethane or propene with oxygen while for the system
CO2 + Kr, the temperature range permitting vapor-liquid oexistene for the pure �uids do notoverlap, i.e. Tc is 209.46 K for krypton [107℄, while T3 is 216.58 K for arbon dioxide [122, 123℄.Therefore, the orresponding ξ values ould not be �tted using the Stoll approah [124℄.Fluid ξ(Ar) ξ(Kr) ξ(CH4) ξ(N2) ξ(O2) ξ(CO2) ξ(C2H6)

Kr 0.989
CH4 0.964 0.998
N2 1.010 0.989 0.958
O2 0.988 1.050 � 1.007
CO2 0.999 � 0.962 1.041 0.979
C2H6 0.978 1.023 0.997 0.974 � 0.954
C3H6 1.019 1.001 1.032 0.959 � 0.915 1.015for the harateristi energy of unlike interations. Due to the empirial nature of the LJpotential and the orresponding pure �uid parameters themselves, however, the theoretialsoundness of suh rules is inherently limited.The best proof that an be given for a ombination rule therefore is that it overs ex-perimental data and adequately extends the empirial approah of moleular modeling frompure �uids to mixtures. In this sense, the Lorentz rule an be used together with the modi�edBerthelot ombination rule [121℄

εAB = ξ (εAεB)
1/2 , (1.28)where the binary interation parameter ξ is usually between 0.9 and 1.05, f. Tab. 1.2. Forpreditive alulations, e.g. when no experimental data are available for a mixture, it is ommonto apply Eqs. (1.26) and (1.27) without any modi�ation [125℄, whih is alled the Lorentz-Berthelot rule.In a reent systemati study [121℄, overing 267 binary mixtures, 30 of the orresponding

ξ values were determined to be smaller than 0.9 while six were greater than 1.05. Althoughthis is not, at �rst sight, a negligible fration, all signi�antly deviating values an be explainedby inadequaies of the employed modeling approah. The most signi�ant outliers orrespondto mixtures where one of the simulated omponents is the LJ model of neon (e.g. ξ = 0.733with Kr and 1.124 with CO2), the 2CLJQ model of arbon dioxide (ξ = 1.080 with CO and
1.124 with Ne) as well as models for the halogenated methane refrigerants R23 , R30 , R32 ,and R41 (where ξ is relatively low in several ases, e.g. ξ = 0.775 for CH3F + C2F6 as wellas ξ = 0.790 for CH2F2 + SF6), i.e. only six out of the 78 �uid models that were onsidered[121℄. These six models an be argued to be insu�ient representations of the atual moleularstruture.2323Halogenated methane, for instane, is inonsistently represented by single-enter (R30 , R30B2 , and R32 )and two-enter dipolar LJ models (all other speies), without any plausible justi�ation. The LJ model ofneon is also known to perform poorly for pure �uid VLE properties [121℄ as well as Henry 's law onstants[126℄. Carbon dioxide, �nally, is better represented by a 3CLJQ model [127℄ than by the 2CLJQ model fromTab. 1.1, and the ξ values for mixtures ontaining CO2 ould well be in the typial range if that model wasused instead.16



1.2 Moleular modelingTable 1.3: Parameters of the Terso� potential for nitrogen [128℄, arbon [129℄, inluding thepresent optimization of this parameter set for graphite, silion [130℄, and germanium [130℄.
N C (Terso� ) C (graphite) Si Ge

αA [Å−1℄ 2.7 2.2119 2.2750 1.7322 1.7047
αR [Å−1℄ 5.4367 3.4879 3.5871 2.4799 2.4451
αψ 1.3304 0.7275 0.7275 0.7873 0.7563
βψ 5.2938 · 10−3 1.5724 · 10−7 1.5724 · 10−7 1.1 · 10−6 9.0166 · 10−7

εA [K℄ 5.9387 · 106 4.0233 · 106 4.0233 · 106 5.4678 · 106 4.8650 · 106
εR [K℄ 7.3899 · 107 1.6172 · 107 1.6172 · 107 1.6024 · 107 2.0528 · 107
κT 4.1258 · 108 1.4477 · 109 1.4477 · 109 1.0078 · 1010 1.1327 · 1010
κ′T 6.5078 · 102 1.9219 · 101 1.9219 · 101 2.63 · 102 2.45 · 102
r0 [Å℄ 2.1 2.1 2.35 3.0 3.1
r1 [Å℄ 1.8 1.8 2.0 2.7 2.8
χT 124◦ 13′ 124◦ 47′ 124◦ 47′ 126◦ 45′ 116◦ 2′For maromoleules as well as moleules with a �exible struture, e.g. hydroarbons whihan rotate around single arbon-arbon bonds, internal DOF have to be onsidered. Thepresent study, however, only onsiders simple moleular �uids where the internal vibrationaland rotational modi an either be negleted altogether or taken into aount impliitly, i.e. bye�etive potential parameters for dispersion and repulsion.24In order to aurately desribe properties of a solid material, it is usually neessary to employmulti-body potentials whih have a large number of model parameters and are omputationallyrelatively expensive. For metals, a reliable approximation of atual material properties an beobtained by applying the embedded atom method where the Coulomb interation between theatomi nulei is ombined with a funtional of the loal eletron density [132℄. The latterdepends on the loal struture on the atomi level and thereby auses multi-body e�ets.For arbon, semiondutors, and eramis, multi-body e�ets arise as well. However, theseannot simply be explained in terms of a loal eletron density, sine eletrons are not deloalizedin suh materials. Instead, interatomi bonds have to be onsidered expliitly. Under ertainonditions, these bonds an simply be represented by harmoni osillators (f. Setion 2.3),i.e. without multi-body terms. In a more general setting, e.g. for amorphous strutures oron�gurations involving the oexistene of di�erent solid phases suh as graphite and diamond[133℄, the in�uene of bond angles has to be taken into aount as well, sine at unfavourablegeometries, no moleular orbital an be formed and thus no attration between the atoms ispresent. A suitable model for suh systems therefore needs to evaluate all the angles formedby triples of neighboring atoms.The Terso� potential

Upot =
1

2

∑

ı6=j

F(rıj)u
ı,j
T , (1.29)24The reader is referred to Rykaert et al. [131℄ for a disussion of modeling and simulation of �uid systemswith signi�ant internal DOF. 17



1 Moleular thermodynamiswith [130℄
F(r) =











0, for r ≥ r0,
1
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(

1 + cos
[

π(r−r1)
r0−r1

])

, for r1 < r < r0,

1, for r ≤ r1,

uı,jT = [εR exp(−αRrıj)− sıj · εA exp(−αArıj)] , (1.30)wherein ı and j are atoms, onsiders these e�ets and an be applied to all hybridization statesof arbon, but also to germanium [129℄ as well as silion [130℄ and eramis [128, 134℄, f.Tab. 1.3.25 The multi-body e�ets are overed by a loal struture oe�ient
sıj =



1 +
[

βψ
∑

k 6∈{ı,j}

F(rık)G(ı�j, ı�k)]αψ−1/2αψ

, (1.31)spei�ed in terms of angular ontributions orresponding to bond pairs (ı�j, ı�k) with
G(ı�j, ı�k) = 1 +

κT
κ′T

− κT
[cosψ(ı�j, ı�k)− cosχT]2 + κ′T

, (1.32)taking into aount all neighbors k of ı and the respetive angles ψ(ı�j, ı�k) formed with thebond between ı and j.However, the Terso� potential deviates by about 3% from the atual bond length ingraphite [137℄, i.e. D = 1.421 Å [138℄, a result that is on�rmed by present moleular sim-ulations,26 f. Tab. 1.4. For the purpose of simulating graphite, a di�erent parameter set isproposed here, f. Tab. 1.3. In Fig. 1.9, the new parameter set is ompared with the standardpotential, regarding the radial distribution funtion (RDF)
G(R) =

1

4π(Rρ)2
d

dR

∣

∣

∣
{(ı, j) | rıj ≤ R}

∣

∣

∣
, (1.33)within a single graphene layer. It should be noted that due to its small uto� radius, the Terso�potential does not reprodue any interlayer interation in graphite.27Table 1.4: Potential energy ontribution (per atom) of the original Terso� model for arbon[129℄, for a graphite struture in dependene of the bond length D in the initial on�guration.Large values of D lead to a permanent tension within the solid, whereas rippling of the layersis aused by small values [140℄.

D [Å℄ 1.4574 1.4595 1.4605 1.4616 1.4626 1.4648
Upot/N [K℄ −84, 796.2 −84, 802.8 −84, 808.2 −84, 806.9 −84, 805.7 −84, 803.525More elaborate potentials (requiring a slightly larger omputational e�ort) were proposed by Brenner [135℄as well as Ghiringhelli et al. [136℄.26The energy values shown in Tab. 1.4 are huge in relation to typial pair potentials, e.g. as shown in Fig. 1.7.The large values assigned to the energy parameters εA and εR of the Terso� potential, f. Tab. 1.3, re�etthe fat that the fores ating on atomi nulei in a solid material are of a di�erent order of magnitude thanthe intermoleular interations present in �uid systems.27However, e�etive LJ parameters are available as a model for the interlayer dispersion in graphite [139℄.18



1.3 Konrad Zuse and his epoh1.3 Konrad Zuse and his epohThe general purpose eletroni omputing mahineWorld War II brought not only the greatest extent of destrution ever witnessed, butalso a orresponding development in military tehnology, required as a means of maximizingthe destrutive apaities ommonly known as defense. While Turing developed various speialpurpose omputers for breaking the German military enryption, the United States aomplisheda revolution in both nulear tehnology and omputing at Los Alamos. There, it was partiularlyvon Neumann who ontributed to the design of the ENIAC general purpose omputer, presentedto the publi in 1946.German researh e�orts were less suessful with respet to the atomi bomb,28 the �rst28Many of the eminent ontributors to the nulear researh of the Manhattan projet had previously studied andworked in Germany [142�144℄. Most notably, Bethe had been sienti�ally ative in Frankfurt, Münhen,Stuttgart, and Tübingen [145℄, 1924�1933, Szilárd in Berlin [146℄, 1920�1933,Teller in Karlsruhe, Münhen,Leipzig, and Göttingen [147℄, 1926�1934, von Neumann in Berlin [148, 149℄, 1926�1930, and Wigner in

Figure 1.9: Top: RDF for the Terso� model [129, 130℄ from moleular simulation usingan initial on�guration orresponding to planar graphite layers with a bond length of D =
1.455 Å, indiating the distane between neighbors in ortho, meta, and para position; bottom:omparison between the ortho peak of the arbon-arbon RDF for the Terso� potential withan inital interatomi distane of D = 1.413 (dotted line) and 1.455 Å (solid line) as well as theresaled Terso� potential (dashed line), f. Tab. 1.3, using the atual bond length in graphite(D = 1.421 Å). 19



1 Moleular thermodynamis

Figure 1.10: Konrad Ernst Otto Zuse [141℄.Turing omplete eletroni omputer, however, was Zuse's Z3, operative in Berlin from 1941to 1943. Its inventor regarded omputers as having the intelligene of humans with super-dimensional brains29 and while he did pereive their potential appliation for sienti� omput-ing, Zuse's ambition went far beyond this. Antiipating the spread of eletroni data proessing,he developed the �rst higher level programming language, the Plankalkül [151℄, a logial for-malism based on lambda alulus. In the same spirit, Zuse dediated an essay to the potentialuse of omputing equipment to replae bureaurati strutures in the administration of plannedeonomies [152℄.Although high level programming languages are ommonly used today, Zuse's approahproved to be ahead of its time, while the von Neumann design beame the standard for omputerarhiteture. Again, the relevane of Zuse's ideas an only be orretly assessed in hindsight,e.g. his 1958 invention of the vetor omputer makes him a pioneer of massive parallelism[153℄. After moderate suesses in business, Zuse retired relatively early and dediated himselfto painting.K. E. O. Zuse [2, 141℄:June 22, 1910Birth in Berlin, Germany.
1936The patents Rehenmashine [154℄ and Mehanishes Shaltglied [155℄ are registered inGermany.
1936 � 1941In Berlin-Kreuzberg, Zuse onstruts the mehanial omputer Z1 and the �rst eletroniomputer Z3.
1948Über den Allgemeinen Plankalkül [151℄.Berlin as well as Göttingen [20℄, 1920�1930. Thus it an be argued that it was fasist researh that failed,while German siene atually won the war.29With this justi�ation, Zuse regarded omputers as a neessity for modern sienti� work even in 1948: �DieTheorie der Atomphysik ist heute zu einer Wissenshaft geworden, welhe fast alle Gebiete der Mathematikerfasst. Wer gelegentlih einen kleinen Einblik in diese nur wenigen zugänglihe Welt genommen hat,wird den Eindruk bekommen, daÿ es sih hier um eine Materie handelt, welhe nur von Menshen mitüberdimensionierten Gehirnen beherrsht werden kann� [150℄.20



1.3 Konrad Zuse and his epoh
1949The enterprise Zuse KG is founded in Neukirhen (between Fulda and Kassel).
1956Dr.-Ing. h.. at the Tehnial University of Berlin.
1964 � 1969Zuse works for Siemens AG as a onsultant.Deember 18, 1995Death in Hünfeld near Fulda, Germany.Time-ontinuous stohasti proesses

Figure 1.11: Andrej Nikolaevi£ Kolmogorov [2℄.The theory of random walks had proven to be physially signi�ant by Smoluhowski 's andEinstein's work on Brownian motion. It was formalized by Markov (Ìàðêîâ) who investigatedseries of mutually independent variables [156℄, known today as Markov hains. For manystohasti proesses, however, it is ruial to apply a time-ontinuous modeling approah insteadof a series of disrete events. Kolmogorov (Êîëìîãîðîâ) made relevant breakthroughs in thatdiretion [157�159℄, inluding the Chapman-Kolmogorov equation, whih for an enumerablestate spae an be denoted as
Ω(t + τ) = Ω(t)Ω(τ), (1.34)for a transition matrix Ω(t) desribing the transition probability between states within a timeinterval of t, as well as the Kolmogorov forward and bakward equations [157℄, desribing thetemporal evolution of a ontinuous-time Markov proess over a set of real variables.In pratie, even ontinuous order parameters are often disretized (e.g. in ase of forward�ux sampling), so that Eq. (1.34) is more generally appliable than it might seem. The versionof the theorem orresponding to a ontinuous state spae Kg, de�ned over a �nite number gof variables Q1 to Qg, is

∫

K

W (Q1 = X1 ∧ · · · ∧ Qg = Xg) dXg =W (Q1 = X1 ∧ · · · ∧ Qg−1 = Xg−1) , (1.35)where the probability of a ondition C is given by W (C). 21



1 Moleular thermodynamisKolmogorov 's ontributions also transformed other areas of siene that are of a ertainimportane in the present ontext [160℄, inluding the theory of turbulent �ow [161℄, ergoditheory [162℄, and information theory [163℄. When the priniples of sienti� honesty ameunder attak, it was also Kolmogorov who ould be relied upon for a valiant defense.30A. N. Kolmogorov [2, 160, 167℄:April 25, 1903Birth in Tambov (Òàìáîâ), Russia.
1929Promotion at the Mosow State University.
1930Appointment as a professor at the Mosow State University.
1931Über die analytishen Methoden in der Wahrsheinlihkeitsrehnung [157℄.
1938 � 1958Department head at the Steklov Institute in Mosow.
1954Théorie générale des systèmes dynamiques [162℄.
1980Wolf Prize in mathematis.Otober 20, 1987Death in Mosow, Soviet Union.The stability limit for nuleiVon Weizsäker, beside Hahn, Heisenberg, and Straÿmann, was a key �gure for the devel-opment of nulear researh in Germany whih had both sienti� and politial reasons.31 Forthe present study it is partiularly relevant that he introdued the droplet model of the atominuleus [169, 170℄, where the theoretial bond energy of the nuleus is desribed by

Uth = UF + UV + UC + UA, (1.36)30His 1940 intervention in favor of genetis [164℄ was based on a rigorous statistial re-evaluation of availabledata that had previously been interpreted as a on�rmation of the arti�ial vernalization method advoatedby Lysenko (Ëûñåíêî). To this ritiism, Lysenko publily replied that �íàñ, áèîëîãîâ, è íå èíòåðåñó-þò ìàòåìàòè÷åñêèå âûêëàäêè, ïîäòâåðæäàþùèå ïðàêòè÷åñêè áåñïîëåçíûå ñòàòèñòè÷åñêèå �îðìóëûìåíäåëèñòîâ� [165, 166℄. This did surprisingly little to diminish the degree of o�ial support for Kol-mogorov 's work, onsidering that the eminent �mendelist� genetiist Vavilov (Âàâèëîâ) was imprisonedat the same time. In 1941, Kolmogorov even reeived the �Stalin� USSR State Prize.31In Einstein's August 1939 letter to President Roosevelt, a ruial ontribution to the ineption of the Manhat-tan projet, he adverted to the fat �that the son of the German Under-Seretary of State, von Weizsäker,is attahed to the Kaiser-Wilhelm-Institut in Berlin where some of the Amerian work on uranium is nowbeing repeated� [168℄.22



1.3 Konrad Zuse and his epoh

Figure 1.12: Nuleus stability limit aording to the droplet model (solid line) along with theisotopes known to be stable in 1935 (•), sanned from von Weizsäker 's artile [169℄. In hisnotation, N and Z are the number of neutrons and protons in the nuleus, respetively. Thetwo signi�antly anomalous ases orrespond to the stable isotopes Cl35
17

(regular hlorine) and
K

39

19
(regular potassium).whih inludes a surfae ontribution UF , mediated by an e�etive surfae tension γ, and avolume ontribution UV . The last two terms represent the Coulomb interation UC and aperturbation UA due to the asymmetry between the number of protons and neutrons in thenuleus.This development suddenly arried the spherial �uid phase boundary and the questionof stability and instability of droplets into the spotlight of ontemporary nulear physis.32Sine atomi nulei are partiularly small bodies, it also prompted the issue of understandingthe urvature in�uene on interfae properties. Therefore, it is not surprising that Tolman,a former ontributor to the Manhattan projet who served as an advisor to the UN AtomiEnergy Commission, developed the �rst e�etive theory of moleular-level urvature e�ets onthe surfae tension.33 Previously, this question had not been systematially onsidered by thephysio-hemial ommunity.Von Weizsäker himself was deeply onerned by the existential threat for humanity ausedby nulear weapons.34 He instigated the Erklärung der ahtzehn Atomwissenshaftler [176℄ of

1957, opposing the inlusion of the atomi bomb in the arsenal of the West German military,and devoted most of his subsequent work to the investigation of the soial impat of sienti�innovations.C. F. von Weizsäker [178℄:32This analogy is also the probable origin of the terms ritial nuleus and nuleation, alled harakteristishesTröpfhen [171℄ or Keim [172℄ and Keimbildung [171�173℄, respetively, in earlier German works.33The artile The e�et of droplet size on surfae tension [174℄, published posthumously in 1949, was the lastsienti� ontribution of R. C. Tolman (1881 � 1948). It was atually submitted to the journal by Kirkwoodtwo weeks after Tolman's death [175℄.34He onsidered himself luky not to have met any signi�ant suess with his wartime researh: �Im Kriegblieb den deutshen Physikern die letzte Härte der Entsheidung erspart. Wir erkannten, daÿ wir keineBomben mahen konnten. Wir waren glüklih darüber� [176℄. However, as explained above, only thosesientists who had previously hosen to serve the fasist state were later spared that deision, not Germanphysiists in general. 23
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Figure 1.13: Carl Friedrih Freiherr von Weizsäker [177℄.June 28, 1912Birth in Kiel, Germany.
1916KingWilhelm II. of Württemberg elevates the vonWeizsäker family to the higher nobility.
1933Dr. rer. nat. with the dissertation Durhgang shneller Korpuskularstrahlen durh einFerromagnetikum [179℄ at the University of Leipzig.
1935Zur Theorie der Kernmassen [169℄.
1946 � 1957Professor at the University of Göttingen a�liated to the Max Plank Institute of Physis.
1957Die Verantwortung der Wissenshaft im Atomzeitalter [176℄.
1970 � 1980Diretor of the Max Plank Institute for the Researh of Living Conditions in the ModernWorld.

Figure 1.14: Stanisªaw Marin Ulam [2℄.24



1.3 Konrad Zuse and his epoh
1979Proposed as Federal President by W. Brandt.35April 28, 2007Death in Starnberg, Germany.Monte Carlo simulationAlthough Stanisªaw Ulam was a student of the great mathematiian Stefan Banah andobtained various notable results in pure mathematis,36 his researh on tehnial appliationsultimately turned out to have a larger impat.Most notoriously, he ontributed to the Teller -Ulam design of nulear weapons, whih wasa ruial step to the development of the hydrogen bomb. However, Ulam is also, together withNiholas Metropolis, the inventor of Monte Carlo (MC) simulation [181℄. The Fermi -Pasta-Ulam �experiment� of 1955 was the �rst systemati investigation of the statistial mehanialproperties � in partiular ergodiity � for an idealized model by omputer simulation [182℄.S. M. Ulam [2℄:April 13, 1909Birth in Lemberg (Ëüâiâ), Austria.
1933Promotion at the Polytehni Institute of Lwów (Ëüâiâ).35His brother Rihard, who was eventually eleted in 1984, had already been the CDU presidential andidatein 1974. This may help to explain why C. F. von Weizsäker delined the SPD nomination.36The spirit of the Lwów shool of mathematis and of Ulam's own ontributions is aptured by the group'snotebook of open problems, the Ksi�ga Szkoka (named for a afé), whih Ulam eventually published [180℄.

Figure 1.15: Illustration of the liquid drop model [183℄. Reiss proposed to separate the systeminto nanosopi subvolumes �enlosed by a shell whose walls are permeable to moleular fore�elds, but impermeable to moleules themselves� [183℄. 25
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1943 � 1965Researh sientist at Los Alamos National Laboratory.
1949The Monte Carlo method [181℄.
1955Fermi-Pasta-Ulam experiment [182℄.
1965Appointment to a hair of Mathematis at the University of Colorado, Boulder.May 13, 1984Death in Santa Fe, United States.Moleular thermodynamis of nanodroplets

Figure 1.16: Howard Reiss [184℄.Beginning in the 1930s and 1940s with the work of Versha�elt [185℄ and Guggenheim[186℄, researhers onerned with interfaial thermodynamis inreasingly looked beyond thepiture of a postulated disrete phase boundary. In 1948 and the subsequent years, this led tothe theoretial developments of Tolman [174, 187℄ and further authors [188�190℄, whih weremostly still based on e�etive radii and hene on a formal disretization, while ertain aspetsof these theories also relied expliitly on the ontinuity of the interfae.37A perspetive on nuleation entirely based on moleular thermodynamis was introduedby Reiss a few years after Tolman's work. Similar to Tolman himself, Reiss had worked onthe Manhattan projet and subsequently direted his researh towards nuleation. Aordingto his liquid drop model [183, 191℄, the formation of a nanosopi droplet is onsidered as aproess ourring within a harateristi volume whih is of the same order of magnitude asthe droplet, f. Fig. 1.15. This approah had various features distinguishing it from previousontributions to nuleation theory. For instane, the depletion ourring in the vapor surround-ing a growing droplet was qualitatively overed. More importantly, however, the onepts that37For instane, the Tolman length is the di�erene between two e�etive radii (for disretized spherial phaseboundaries), yet it was used by Tolman [174℄ preisely to desribe the non-disreteness of interfaes.26



1.3 Konrad Zuse and his epohSmoluhowski and Einstein applied to the ritial opalesene ourring in stationary homo-geneous systems were now also reognized as a viable tool for disussing the non-stationaryemergene of heterogeneity by phase separation.Further early work of Reiss dealt with nuleation in binary systems [192℄, the evaporation ofnanodroplets [193℄, and the surfae tension as well as other thermophysial properties of ioniliquids [194, 195℄. More reently, he has foused on the rigorous evaluation and implementa-tion of methods for the moleular simulation of homogeneous nuleation proesses [196, 197℄.Together with Reguera, Bowles, and Djikaev, he proposed an extended modi�ed liquid dropmodel (EMLD), reonsidering basi ideas of the theoretial approah that Reiss introdued inthe 1950s [198℄.H. Reiss [184, 199℄:
1922Birth in New York City, United States.
1949Ph.D. at Columbia University.
1952Theory of the liquid drop model [183℄.
1963 � 1968Diretor of the North Amerian Aviation Siene Center in Thousand Oaks, CA.38
1965Methods of thermodynamis [202℄.
1968 � presentProfessor for Physial Chemistry at the University of California, Los Angeles.
1969Founding editor-in-hief of the Journal of Statistial Physis.
1973Tolman medal of the Amerian Chemial Soiety.
1977Member of the U.S. National Aademy of Sienes.

38In this funtion, Reiss was also promoted to a vie presideny of North Amerian Aviation, a ompanythat had supplied the Royal Air Fore with �ghter airraft during World War II and onstruted the �rstCalifornian nulear reator [199, 200℄. Throughout the 1960s, North Amerian Aviation foused on the U.S.spae program, e.g. as the prinipal ontrator for the ill-fated Apollo I mission [201℄. 27



1 Moleular thermodynamis1.4 Moleular simulationMoleular simulation methods are mainly used today for alulating ensemble averages of ther-mophysial quantities based on potential models (although many further aspets of nanosopisystems an be dealt with as well). A ommon property of the simulated systems is that,although they usually ontain as many partiles as the respetive program permits on the avail-able hardware, they are still extremely small. At best, a miron is reahed in one or two ofthe box dimensions.39 They are therefore often too small and too large at the same time: toosmall to ompletely neglet interations over distanes that exeed the system size, too largeto permit a full omputation of the interations between all pairs of partiles inside the box.The number of expliitly omputed pairwise interations is therefore in pratie restritedby a uto� radius rc and, arhaially,40 the minimum image onvention whenever the periodiboundary ondition is used. Beyond the uto� radius, the potential energy and the virial areorreted [59, 66℄, e.g. by assuming for the LJ ontributions that the RDF is unity for r > rcand by applying the reation �eld method [204℄ for point polarities as well as methods basedon Ewald summation for point harges that do not anel out loally [61℄.The main two ways of obtaining thermophysial results on the basis of moleular modelsare MC algorithms, where the phase spae is sampled probabilistially, and moleular dynamis(MD), i.e. the numerial integration of the lassial Newtonian equations of motion.The Metropolis et al. [205℄ algorithm has beome almost synonymous of MC simulation.Aording to this approah, only on�gurations are sampled. The kineti energy of the systemis marosopially given by the temperature (in ase of the NV T , NpT , and µV T ensembles).The mirosopi momentum oordinates of individual partiles are not omputed at all.41 Ineah step, a single partile j is moved at random (this movement is understood to inlude theinternal DOF as well), orresponding to the test transition
x = (X11, . . . , Xj1, . . . , Xjg, . . . , XNg) ⇒ x′ = (X11, . . . , X

′
j1, . . . , X

′
jg, . . . , XNg), (1.37)wherein g translational, rotational, or internal DOF pertaining to a single partile are simulta-neously varied. Sine a onstant total kineti energy is assumed, it is possible to evaluate theinternal energy di�erene U ′ − U = ∆Upot

j by onsidering the potential energy of the partile
j only. The relative probability of the on�gurations in the anonial ensemble is

ω(x′)

ω(x)
= exp

(

−∆Upot
j

T

)

. (1.38)Thus, only the interation potentials involving the partile j have to be onsidered. If thealgorithm ensures that from on�guration x′, a test transition to x is equally probable as vieversa, the anonial ensemble is sampled by applying the aeptane probability
W (x ⇒ x′) = max

(

1,
ω(x′)

ω(x)

)

. (1.39)39In ase of the present simulations onduted with the programs related to the ls1 projet, all systems ontainedbetween 214 and 224 partiles. For typial �uid densities and a ubi simulation box, this orresponds to abox length from 100 up to 2 000 Å, although for spei� purposes an anisotropi shape was hosen herewhih also permits the diret investigation of surfae areas up to a square miron.40The minimum image onvention onsists in negleting, for a given pair of partiles ı and j, all periodiallyreprodued images ı′ and j′ exept for the pair with the smallest distane [203℄. However, for everyreasonably sized simulation box, the distane between the seond-to-next periodi neighbors neessarilyexeeds rc. If that is not the ase, the system is either too small or the uto� radius is too large.41For this purpose, however, a Maxwell distribution an be assumed.28



1.4 Moleular simulationIf the test transition is rejeted, on�guration x is restored and x′ is not inluded in thestatistial evaluation. With the exeption of the miroanonial ase, Eq. (1.39) an be appliedto the other ensembles as well, if the orresponding expression for the probability densitiesis used instead of Eq. (1.38). A stritly miroanonial ensemble an only be simulated if akineti term is introdued for every DOF, although that implies giving up some of the inherentadvantages of MC simulation. It an also be approximated by the ensemble with onstant N ,
V , and Upot, whih requires an equilibrated starting on�guration [60℄.Umbrella sampling [206℄, a variant of this algorithm, an also be e�iently applied toobtain free energy pro�les with respet to a spei�ed order parameter. Thereby, the relativeprobabilities of the on�gurations are modi�ed by a fator that only depends on the respetivevalue of the order parameter. In this way, a su�ient statistial basis an be obtained evenfor energetially unfavorable values. This makes umbrella sampling a suitable approah forstudying rare events, in partiular nuleation [87, 88, 207�209℄, sine free energy di�erenesan be determined over a spei�ed range of the relevant order parameter.Beginning with the 1970s, a variant of umbrella sampling alled temperature saling MCsimulation was also applied for the alulation of phase equilibria [210, 211℄ as well as theritial point [211℄. Sine then, however, it has been superseded by more spei� methods:

• Histogram reweighting [212℄, based on reording the probability distribution (histogram)for the number of partiles in the grand anonial ensemble. This approah also has theadvantage of permitting immediate aess to the ritial point [98℄.
• Gibbs ensemble simulation [213℄, where the phase oexistene is reprodued by diretlyenforing the thermal, mehanial, and hemial equilibrium.
• The NpT plus test partile method [66, 204, 214�216℄, whih extrapolates the resultsof two independent simulation runs to determine the intersetion between the urvesorresponding to the oexisting phases in the µ-p diagram, f. Fig. 1.17.
• The Grand Equilibrium method [217℄, improving the NpT plus test partile method suhthat the extrapolation is arried out on the �y during the seond simulation run.Interestingly, D. Landau and Binder begin their Guide to Monte Carlo simulations [218℄ with thewords: �In a Monte Carlo simulation we attempt to follow the Ætime dependene� of a modelfor whih hange, or growth, does not proeed in some prede�ned fashion (e.g. aordingto Newton's equations of motion) but rather in a stohasti manner whih depends on asequene of random numbers.�42 Atually, MC simulation annot be immediately applied todetermine quantities related to time, suh as di�usion oe�ients or the frequeny of rareevents, although dynami MC algorithms that failitate this have been proposed as well [219,220℄. The widespread use of MC simulation, however, is rather due to its viability for exploringthe phase spae stohastially.MD simulation, on the other hand, does desribe the evolution of a system over timeand an therefore be applied immediately to dynami properties. It onstruts an approximatetrajetory of a multi-partile system by integrating the lassial equations of motion

ṗ = −∇xH, (1.40)
ẋ = +∇pH, (1.41)42Cf. the opening setion [218℄, whih is entitled �What is a Monte Carlo simulation?�. This understanding,however, restrits the appliability of MC simulation to an unreasonable extent, sine all real systems atually�proeed in some prede�ned fashion� even where the underlying laws are probabilisti. 29



1 Moleular thermodynamisapplying Hamiltonian mehanis to the momentum oordinate vetor p and the position o-ordinate vetor x. Sine this system of equations is energy preserving for the Hamiltonian
H = U , nothing more than a well-de�ned fore �eld (e.g. a set of pairwise ontributions to thepotential energy) and an initial on�guration with the orresponding values of N , V , and U isrequired for simulating the miroanonial ensemble.For other ensembles, the respetive boundary onditions have to be imposed arti�ially. Inthe anonial ase, it is for most purposes su�ient to resale the translational as well as therotational momenta of all partiles by a normalizing fator to keep the kineti energy onstant[216℄. This is known as isokineti resaling or as a Berendsen thermostat, where the �rstterm usually suggests that the kineti energy is kept exatly onstant, while Berendsen et al.[225℄ applied a oupling onstant, whih still allows the kineti energy to vary. The Andersenthermostat [203℄ ahieves the same objetive by introduing stohasti ollisions with virtualpartiles from an external reservoir. The Nosé-Hoover thermostat [226, 227℄, whih introduesa single additional DOF that is oupled to the total kineti energy, is widely regarded as themost realisti representation of the �utuations in a small system.43The isothermal-isobari ensemble is usually simulated with the Andersen barostat [66, 203,216℄, i.e. a simulation box that expands or ontrats in dependene of the instantaneous pressureas determined from the intermoleular interations. For this purpose, the oordinate system isredued by the ubi root of the volume

(p′,x′) = V −1/3(p,x), (1.42)43In ertain ases, however, the Nosé-Hoover thermostat an lead to periodi �undulations in the instantaneouskineti temperature� [228℄. These artefats are obviously due to the harmoni osillator oupled to thekineti energy of the system; they an similarly arise, for the same reason, with struturally analogousmethods suh as the Andersen barostat [66℄.

Figure 1.17: µ−p diagram for a non-polar �uid inluding the stable (solid lines), metastable(dashed lines), and unstable regime (dotted lines) aording to the Redlih-Kwong-Soave [221,222℄ EOS with an aentri fator [223℄ of zero at temperatures of 0.6, 0.8, 1, and 1.2 Tc.Properties of the µ− p diagram are disussed in more detail by Debenedetti [224℄.30



1.4 Moleular simulationand the extended Hamiltonian
H = Ukin(V

1/3p′) + Upot(V
1/3x′) +

MV̇ 2

2
+ pV, (1.43)is applied to the redued oordinates as well as the volume [203℄. Therein, the volume ontribu-tion to the potential energy is given immediately by the virial for the on�guration x′, whereasthe kineti energy44 is proportional to V 2/3. The last two terms of Eq. (1.43) are e�etivekineti and potential energy ontributions, respetively, for V whih is formally treated as anadditional DOF of the redued system. The magnitude of the response V̈ to �utuations ofthe virial is regulated by the quantity M, whih is sometimes referred to as the piston massalthough the Andersen barostat does not use a piston and

M is not really a mass.As a ombination of MD with the Metropolis algorithm, grand anonial moleular dynam-is (GCMD) alternates between regular integration time steps as well as the stohasti insertionand deletion of partiles [229, 230℄, suh as to maintain a onstant value of the hemial poten-tial for one or several omponents. Thereby, a random partile is removed for a test deletion,while for a test insertion the oordinates of an additional partile are hosen at random. Theaeptane riterion is de�ned probabilistially by
W = min

(

ρλ3 exp

[−µ−∆Upot

T

]

, 1

)

, (1.44)a variant of Eq. (1.39), in ase of deletions, and analogously for insertions [59℄. The sameversion of Eq. (1.39) is also used for MC simulation of the grand anonial ensemble. In Eq.(1.44), ρ is the density45 and λ = ~(2π/mT )1/2 is the thermal de Broglie wavelength, whilethe potential energy assoiated with the deleted partile orresponds to −∆Upot.Brie�y omparing the two major simulation approahes, MD has one de�nite advantage overMC simulation: it permits to aess properties of typial trajetories as well as the evolutionof non-equilibrium systems. While suh systems do, stritly speaking, usually belong to awell-de�ned statistial ensemble, in ase of non-equilibrium properties one is not interested inthe ensemble average but rather in the realisti behavior of a ontrol volume involved in anirreversible proess. On the other hand, MC simulation an more easily be parallelized. It isless prone to numerial errors � for instane, on�gurations with extreme repulsion betweenmoleules are mostly rejeted due to the energeti aeptane riterion. Even when theyour, the extreme veloities orresponding to suh on�gurations do not have to be handlednumerially,46 sine MC does not ompute the momentum oordinates. The ore of an MD44For the NpT ensemble, evidently, a thermostat is required as well to keep the kineti energy onstantor approximately onstant. The intervention of the thermostat, however, either ours by means of anadditional mirosopi DOF, as in ase of the Nosé-Hoover thermostat, or it has to be regarded as formallyexternal to the equations of motion so that the dependene of Ukin on V is not distorted.45In the present work, the term density and the symbol ρ always refer to the number per volume (i.e. numberdensity) instead of the mass per volume (i.e. mass density).46In priniple, MD simulation in the miroanonial, anonial, or isothermal-isobari ensemble an handle suhevents as well by inreasing the temporal resolution for the integration of partile ollisions. In ase of thegrand anonial ensemble, the problem is more intriate, beause ollisions an also our there by insertionof a new partile (even if the aeptane probability for suh on�gurations is relatively low). This leads toa sudden inrease in the loal internal energy, whereas in the other ensembles kineti and potential energyare only transformed. If it is desired to avoid this artifat, gradual insertion and exluded volume approaheshave to be employed. 31



1 Moleular thermodynamisappliation is the omputation of fores, whereas MC is based on the potential energy. Inertain ases, where the derivative of the potential is more involved than the potential itself,this also ontributes to the e�ieny of MC simulation.47Modern hardware is su�iently developed to liberate the programmer of the onerns thattroubled the �rst developers of moleular simulation programs.48 Without muh optimizationit is possible to explore the phase spae for systems of thousands of partiles in the typiallyaeptable time span of a few days on a luster of workstations or even a single workstation.Similarly, no hallenges are present from the usual algorithmi point of view, whih disre-gards onstant prefators on the onsumed resoures and merely onsiders asymptoti behavior:all of the required algorithms require linear spae and, at worst, O (N2) time. For short-rangeinterations this an be improved to O (N logN).49 Therefore, if moleular simulation is on-sidered a typial appliation for high performane omputing, this is by no means due to theinherent omplexity of the problem, but rather the opposite: it is preisely beause e�ientalgorithms are not only known but also easy to implement that moleular simulation has be-ome so widespread, at least in the sienti� ommunity, while the systems under onsiderationbeome larger and larger.For the same reason, the standard ritiisms made of the algorithmi approah, namelythat it neglets onstant prefators and fouses on atypially large instanes of a problem, areinvalid here. When a problem is theoretially hard, the studied instanes are usually small, andthe most pratial algorithm in these ases may not exhibit the optimal asymptoti saling.When asymptotially e�ient algorithms are really available, however, the obverse of this fatan be experiened: the instanes are often extremely large, so that using the theoretiallyoptimal algorithm beomes ruial.This may serve to explain why several moleular simulation programs were used for thepresent work, and how they di�er from eah other: on the one extreme of the range, the Kediaprogram was entirely developed by engineers (mainly G. K. Kedia and G. Fuhs) and fouseson a partiular funtionality while it is only suitable for small systems. The programs thatbelong to the ls1 projet were partly developed and heavily optimized by sienti� omputingprofessionals [232, 233℄ in an ongoing e�ort under the leadership of M. F. Bernreuther. Theirfuntionality is relatively restrited, but the implemented algorithms are more e�ient whenapplied to large systems and an be parallelized with a relatively small e�ort required for inter-proess ommuniation. Finally, the ms2 projet orresponds to a ompromise between theseapproahes [234℄.47One suh ase is the Terso� potential. For hard sphere systems, this distintion beomes even more signi�-ant: from an MC point of view, there are only forbidden on�gurations with and permitted on�gurationswithout overlap, where the latter are all equally probable. To implement MD in suh a ase all ollisionshave to be deteted aurately and in their orret temporal order. This beomes partiularly expensivewhen polyhedra are regarded instead of spheres. While suh operations an, of ourse, be e�iently handledby graphis proessing units, it is still learly more reasonable to run an MC simulation in these ases unlessdynami properties are expliitly of interest. Sine the Metropolis riterion only requires the detetion ofoverlaps, it an be handled by a graphial oproessor just as well.48As Ng et al. [210℄ expressed it in 1979: �To prevent the resulting ost from beoming prohibitive we studieda system ontaining only 32 independent partiles.� The present world reord was established by a trillion-atom moleular dynamis simulation [231℄ at the Los Alamos and Lawrene Livermore National Laboratoriesin 2008.49This means O (N logN) with respet to the number of partiles N . If the system size is measured in termsof the Kolmogorov omplexity K of a typial on�guration [163℄, this orresponds to linear time saling
O (K).32



2 Curved �uid interfaes2.1 Classial nuleation theoryHomogeneous nuleation is the �rst step of a �rst-order phase transition in the bulk of ametastable phase. Real ondensation proesses, e.g. in the atmosphere, are usually heteroge-neous [235�237℄, so that the liquid phase starts to form at preferred sites suh as ions or solidaerosols. Often there is a omplex mehanism of nuleation [238℄, but qualitatively, suh asesare mostly analogous to nuleation in the homogeneous bulk vapor. They di�er by providingspeial loations where the free energy barrier of the ondensation proess is lower than in thebulk. Therefore, understanding homogeneous nuleation in supersaturated vapors is essentialfor more omplex proesses as well. And despite its general importane and apparent simpliity,it is not yet fully aptured on the theoretial level.Condensation ourring above the saturated vapor pressure was disovered experimentallyduring the nineteenth entury. It was for instane disussed by R. von Helmholtz [239℄ whodeveloped a method for measuring the humidity of air by adiabati expansion. He observed thepresene of supersaturated states as well as the ontribution of aerosol partiles to nuleation.Although by that time, in priniple, the theory of thermodynamis was su�iently developed toaount for the observations, R. von Helmholtz was apparently surprised by the results of hismeasurements.1 Moreover, he ame to onlusions that were qualitatively wrong and asribednuleation exlusively to the heterogeneity of the system.2 At the turn of the entury, Wilson[240℄ orreted the imperfet understanding of metastability that had prevailed before, bothon an experimental and a theoretial level, by demonstrating that all supersaturated stateseventually break down and that a ertain maximal supersaturation ratio an never be exeeded,even in the perfetly homogeneous ase.Among German hemial engineers, an interest in nuleation as an independent phe-nomenon was raised in 1922 when Haber, the hemistry Nobel laureate of 1918, publisheda study on the freezing of superooled melts [173℄. He laimed that in a melt whih is su-perooled by ∆T , an emerging rystal is stable if its radius R exeeds the value given by[173℄
R∆T

T
=

2̥

N−1∆Ñhρ⋄
, (2.1)where ̥ is the spei� surfae energy of the rystal, N−1∆Ñh is the melting heat, and ρ⋄is the density of the solid phase. In the subsequent years, Volmer and Weber [171℄ as well1�Nah den theoretishen Erörterungen und der allgemein verbreiteten Anshauung müsste gesättigte Luftbei der kleinsten, ja bei einer unendlih kleinen Depression Nebel erzeugen. . . . Shon die ersten Versuhezeigten aber, dass dies niht der Fall ist� [239℄.2�Es kommt nun aber noh ein zweiter, sehr wihtiger Fator in Betraht . . . , das ist der �Dunstgehalt�der Luft. . . .Wenn dieselbe von �Dunst� � wie Kiessling alle heterogenen Bestandteile zusammen nennt �befreit ist, so kann man sie nah diesen Untersuhungen bis zu einem beliebigen Grade übersättigen, ohnedaÿ eine Spur von Nebelbildung auftritt� [239℄. For R. von Helmholtz, supersaturation was an undesirede�et, so he did not attempt to determine its maximal attainable value. 33



2 Curved �uid interfaesas Farkas [172℄ developed the foundations of CNT, and Powell [241℄ as well as Volmer andFlood [242℄ provided reliable experimental data for the onset of nuleation, orresponding tothe maximal attainable supersaturation ratio in a homogeneous system.The driving fore of a phase transition is the di�erene between the hemial potential µof the metastable phase and the saturated hemial potential µs(T ). By applying the Gibbs-Duhem equation, it an be determined from an integral over the metastable part of the pressureisotherm
∆µ = µ− µs(T ) =

p
∫

ps(T )

dp

ρ
, (2.2)between the saturated pressure ps(T ) and the pressure p of the metastable phase. For thevapor phase, the saturated state with the hemial potential µs(T ) and the vapor density

ρ′′(T ) refers to the vapor-liquid equilibrium or, below the triple point temperature T3, thevapor-solid equilibrium. A pure metastable vapor is usually desribed by the supersaturationratio
Sρ = ρ/ρ′′(T ), (2.3)
Sp = p/ps(T ), (2.4)
Sµ = exp (∆µ/T ) , (2.5)in terms of density, pressure, or hemial potential. The hemial potential supersaturation ratio

Sµ appears diretly in many thermodynami expressions, but only Sρ and Sp an be measuredin experiments � and even this is ompliated beause of the rapidly hanging temperature inmost experimental settings [243, 244℄. For supersaturated vapors of a real �uid
Sρ > Sp > Sµ > 1, (2.6)generally holds. The deviation between these measures of the supersaturation an be verysigni�ant, as shown in Fig. 2.1 for the LJ·TS �uid.3Mixtures an be haraterized in a very similar way whenever the emerging ondensed phaseontains overwhelmingly a single high-boiling omponent. Then the supersaturation ratio refersto the ondensing omponent only, i.e. the omponent that undergoes a phase transition, whilethe other omponents are regarded as an inert arrier gas. This approah an for instane beapplied to water in the earth's atmosphere.For an ideal gas, the three supersaturation ratios are equal, Sρ = Sp = Sµ, and thisapproximation is often used for the sake of simpliity.4 This is typially done impliitly, e.g.by de�ning the supersaturation ratio as S = Sp [250�254℄ or S = Sρ [255℄ and inserting it inthermodynami expressions where Sµ should be used from a more rigorous point of view. Atlow temperatures, in partiular below the triple point temperature T3, where most experimentsare onduted, the ideal gas law is a good approximation and the three expressions for thesupersaturation ratio lead to similar absolute values.In ase of the present study, however, MD simulation results for small systems were usedto obtain the dependene of the metastable pressure on �uid density at onstant temperature.3The plots shown in the �gure orrespond to ubi interpolations between MD simulation results. For the fullLJ �uid, there is also an EOS that is known to aurately desribe metastable vapor states [245℄, on�rmedby related simulation results [246�249℄.4Of ourse, this only makes sense if one assumes an ideal gas vapor that an be ondensed to a non-idealliquid phase.34



2.1 Classial nuleation theoryTable 2.1: Virial oe�ients for the LJ·TS �uid as determined from a �t to the MD simulationresults shown in Fig. 2.2 and to the saturated vapor and liquid densities determined in aprevious study [85℄. The spinodal densities ρ′# and ρ′′# for liquid and vapor, respetively, weredetermined from the �fth-order virial expansion, f. Eq. (1.17), with bk = 0 for k ≥ 6.
T −b2 b3 −b4 b5 ρ′ ρ′′ ρ′# ρ′′#

0.65 11.7675 44.5866 96.9625 71.4351 0.813 0.00406 0.660 0.0592
0.7 9.77572 34.176 76.4866 59.4954 0.787 0.00728 0.636 0.0740
0.75 8.43697 27.7315 62.373 50.3464 0.759 0.0124 0.613 0.0886
0.8 7.33394 21.854 41.1349 40.3329 0.730 0.0198 0.588 0.103
0.85 6.48592 18.3318 40.0252 34.6962 0.699 0.0304 0.564 0.119
0.9 5.44587 12.3036 25.0989 23.6305 0.664 0.0446 0.532 0.134
0.95 4.97043 10.0411 17.1387 16.0653 0.622 0.0648 0.499 0.149
1 4.67665 9.83155 15.6063 13.8778 0.571 0.0962 0.466 0.174For the LJ·TS �uid, the isotherms shown in Fig. 2.2 were also orrelated by a �fth-order virialexpansion in Leiden form, f. Eq. (1.17), with the temperature dependent virial oe�ientsgiven in Tab. 2.1. Note that the bk values obtained from the �t are approximately linear in

1/T .

Figure 2.1: Supersaturation ratio in terms of hemial potential (solid lines), pressure (dashedlines), and density (dotted lines) over the exess pressure p− ps for the LJ·TS �uid at temper-atures of 0.7 and 0.8 ε.The key properties of vapor to liquid nuleation in a losed system at onstant volumeand temperature are the nuleation rate J and the magnitude ∆A⋆ of the free energy barrierthat must be overome to form stable droplets. The usual approah, lassial nuleation theory(CNT), is based on the treatment of the spherial vapor-liquid phase boundary by Gibbs [18, 19℄.CNT uses the apillarity approximation, i.e. it assumes that in many aspets, small dropletsbehave exatly like the bulk liquid. Within the framework of CNT, for instane, the di�erential35



2 Curved �uid interfaes

Figure 2.2: Isotherms in a pressure-volume diagram for the LJ·TS �uid as determined byMD simulation of small systems at temperatures of 0.65 (▽), 0.75 (♦), 0.85 (△), and 0.95 ε(�) as well as the saturated states (•) aording to Vrabe et al. [85℄ in omparison with the�fth-order virial expansion, f. Tab. 2.1 and Eq. (1.17), whih was orrelated to the presentsimulation data. Results in the viinity of the spinodal line are not shown here, and no suhvalues were used for adjusting the virial oe�ients, to ensure that only states unperturbed bynuleation were onsidered.droplet density,5 de�ned by
ρı =

(

∂Vı
∂ı

)

T,Sµ

, (2.7)is assigned the same value as the saturated liquid density ρ′(T ). Note that Vı refers to thevolume oupied by a liquid droplet in an equilibrium on�guration, whih depends on thenumber of moleules ı inside the droplet.The foundations for CNT were established by Volmer and Weber [171℄ who, following theapproah of Arrhenius, proposed the approximation
J ∼ exp (−∆A⋆/T ) , (2.8)for the nuleation rate. On the basis of this relation, they argued that nuleation ours when

∆A⋆ and T are of similar magnitude,6 however, without disussing the preise value of the5A disussion of axiomati thermodynamis that elaborates on the deviation between properties expressed inintegral quantities versus di�erential quantities, regarding the moleular length sale, is given by Hill [256℄.6�Beobahtbar ist die Keimbildung nur, wenn W sih der Gröÿenordnung von kT nähert� [171℄.36



2.1 Classial nuleation theoryproportionality onstant in Eq. (2.8).They also introdued the notion of a droplet that orresponds to a given supersaturatedvapor pressure p, de�ned by a straightforward ondition: the droplet and the surrounding vapormust be in thermodynami equilibrium. For the nuleation proess at the pressure p, thisriterion de�nes the ritial droplet. When suh a droplet is formed, the metastability of thesupersaturated phase breaks down.7 Thus, the vapor pressure of the ritial droplet is the sameas the supersaturated pressure of the surrounding vapor
ps(ı

⋆, T ) = p. (2.9)With inreasing droplet size, the urvature of the droplet surfae dereases and its vapor pressureapproahes the saturated vapor pressure
lim
ı→∞

ps(ı, T ) = ps(T ), (2.10)sine ps(T ) orresponds to vapor-liquid oexistene with a planar phase boundary. Critialdroplet formation is the ativation barrier for the ondensation proess. Smaller droplets evap-orate on average, p(ı, T ) > p, and larger droplets grow, p(ı, T ) < p. In between, at theritial size, evaporation of the droplet and ondensation from the surrounding vapor anelout, leading to the equilibrium as given by Eq. (2.9).Equivalently, the ondition ı = ı⋆(T, Sµ) is haraterized by an extremum of the free energy.The free energy due to the presene of a droplet is omposed of the surfae ontribution AFas well as the volume ontributions A′ and A′′ of the droplet and the surrounding vapor,respetively,
dA = dA′ + dA′′ + dAF . (2.11)In a losed isothermal system with thermal equilibrium between both phases and a onstantvolume, this evaluates to

(

∂AF
∂ı

)

N,V,T

= γ

(

∂F

∂ı

)

N,V,T

, (2.12)for the surfae ontribution with a droplet surfae tension γ whih is de�ned by
γ =

(

∂AF
∂F

)

N,V,T

=

(

∂A

∂F

)

ı,N,V,T

, (2.13)and approximated by the surfae tension γ∞ of the planar phase boundary within CNT. Thevapor-liquid interfae area F is assumed to be
(

∂F

∂ı

)3

≈ 2π

3ı

[

4

ρ′(T )

]2

, (2.14)based on the approximation of a spherial droplet with ρı = ρ′.The assumption γ = γ∞ an only be explained historially. At the time when CNT wasdeveloped, neither the experimental nor the theoretial methods were su�iently advaned to7�Jedem Druk . . . ist ein kugeliges Tröpfhen der Phase b . . . zugeordnet, welhes mit diesem Druk geradeim Gleihgewiht steht. Hat man ein Tröpfhen von dieser harakteristishen Gröÿe erzeugt, so genügt eineunendlih kleine Arbeit, um die Phase a völlig instabil zu mahen� [171℄.
37



2 Curved �uid interfaesunderstand the urvature dependene of the surfae tension. However, it was lear even to the�rst proponents of the theory that substantial deviations ould be expeted.8The volume ontributions to the free energy are
∂A′

∂ı
= −pı

∂Vı
∂ı

+ µı ≈ −pı
ρ′

+ µı, (2.15)for a liquid droplet with the volume Vı, the pressure pı, and the hemial potential µı, as wellas
∂A′′

∂ı
= p

∂Vı
∂ı

− µ ≈ p

ρ′
− µ, (2.16)for the supersaturated vapor that ontains the remaining N − ı partiles and oupies therest of the volume V − Vı. It is assumed here that a single omponent ondenses and µ isthe hemial potential of this partiular omponent in the supersaturated vapor. For the freeenergy dependene on the droplet size this adds up to

∂A

∂ı
= γ

∂F

∂ı
+ (µı − µ)− pı − p

ρı
, (2.17)applying the de�nition of the di�erential droplet density, f. Eq. (2.7). This free energy ex-pression ontains a positive ontribution proportional to the surfae area di�erential ∂F , andontributions due to the hemial potential di�erene and the pressure di�erene, respetively,whih are proportional to ∂ı and hene to the droplet volume di�erential. Therein, the pressuredi�erene term is always negative in a supersaturated system, while the hemial potentialdi�erene is positive for ı < ı⋆ and negative for ı > ı⋆.Based on the approximation of an inompressible liquid phase, the hemial potential insidethe droplet is given by

µı − µs(T ) =

pı
∫

ps(T )

dp

ρı(T, p)
≈ pı − ps(T )

ρ′
. (2.18)The density in the denominator of ourse refers to the (ompressed) liquid here, while µs and

ps are saturation properties of the omponent that undergoes a phase transition � as opposedto the pressure p of the supersaturated vapor whih an inlude a arrier gas. Combining thesimpli�ations and assumptions outlined above leads to
∂A

∂ı
≈ γ∞

(

[

4

ρ′

]2
2π

3ı

)1/3

− T lnSµ +
p− ps
ρ′

, (2.19)a version of Eq. (2.17) oasionally used to evaluate CNT [254℄. More frequently, however, theterm (p− ps)/ρ
′ is also omitted [250, 251, 255, 257℄, leading to the approximation

∂A

∂ı
≈ γ∞

(

[

4

ρ′

]2
2π

3ı

)1/3

− T lnSµ. (2.20)8As Farkas aknowledged in 1927 with respet to his derivation of CNT: �Bei dieser Ableitung ist angenommen,dass die Ober�ähenspannung σ unabhängig von x ist, was aber siher niht der Fall ist, wenn man zu sokleinen Tröpfhen übergeht� [172℄. Therein, x is the droplet radius.38



2.1 Classial nuleation theory

Figure 2.3: Free energy of droplet formation in supersaturated arbon dioxide at 253 K forpressures of 2100, 2350, and 3350 kPa aording to CNT without the pressure e�et, in thethermodynami limit (i.e. assuming an in�nitely large system so that the supersaturated vaporpressure does not depend on the droplet size).Aording to CNT, the ritial droplet size evaluates to
ı⋆ =

32π

3ρ′2

(

γ∞
∆µe

)3

, (2.21)wherein
∆µe = ∆µ+

ps − p

ρ′
, (2.22)is alled the e�etive hemial potential di�erene by Wedekind et al. [254℄.The deviation between ∆µe and ∆µ aounts for the pressure e�et. For the sake of larity,the theory based on Eq. (2.19) will be referred to as CNT and the version that uses Eq. (2.20)as CNT without the pressure e�et, or CNT∆µ, onsidering that it uses ∆µ in lieu of ∆µe.Following the �internally onsistent� approah of Blander and Katz [258℄ no di�erene ismade between vapor monomers and single-partile droplets. Hene, the free energy of formationis de�ned as zero for a single-partile droplet and an be obtained by integration

Aı =

ı
∫

1

(

∂A

∂ı

)

N,V,T

dı, (2.23)for a droplet ontaining ı partiles, f. Fig. 2.3.The disussion of other ensembles is more ompliated but eventually leads to the sameresult. This is neessarily the ase, beause in the thermodynami limit, where the relationbetween system and droplet size approahes in�nity, the distintion between the anonial andother ensembles disappears. The di�ulty lies in the preise de�nition of, e.g., the isothermal-isobari or the grand anonial ensemble for a multi-phase system, and in haraterizing them39



2 Curved �uid interfaesby a thermodynami potential. For the ensemble de�ned by onstant supersaturated vaporpressure and temperature, Eq. (2.17) with the orresponding free energy9 replaing A wasderived by Debenedetti [224℄.The kineti aspet, beyond the straightforward appliation of an Arrhenius equation, wasinvestigated by Farkas [172℄ who elaborated on the basi thermodynami onsiderations ofVolmer and Weber. He obtained an equation for the nuleation rate that an be expressed as
J = CT · N

′ZFF
⋆

V
√
2π

exp

(−∆A⋆

T

)

, (2.24)for a system ontaining N ′ vapor monomers. Therein, T is the transition rate of gas moleulesthrough a surfae, i.e. the number of transition events per surfae area and time, whih is givenby the Hertz-Knudsen equation [259℄
T = (2πmT )−1/2 p. (2.25)The surfae area of a ritial droplet is F ⋆, and the fator C was introdued by Farkas [172℄to over the urvature e�et on the surfae tension of nanosopi droplets.10 The fator ZFin Eq. (2.24) is related to the size dependene of the droplet vapor pressure ps(ı, T ), i.e. thepressure of a supersaturated vapor in equilibrium with the droplet, in the viinity of the ritialdroplet size ı⋆. It is de�ned by

− Z2
F =

∂

∂ı
ln
ps(ı, T )

p

∣

∣

∣

∣

ı=ı⋆
. (2.26)Equivalently, it an be expressed by the Zel'dovi£ (Çåëüäîâè÷) fator [264℄

z =

√

−∂2A
2πT∂ı2

∣

∣

∣

∣

ı=ı⋆
≈ ZF√

2π
. (2.27)Even if a onstant temperature is assumed for the supersaturated bulk vapor, the questionremains how fast the latent heat released during ondensation is arried away from the surfae ofa growing droplet. Feder et al. [261℄ inorporated heat transfer e�ets into CNT by introduingthe non-isothermal fator N into the expression for J . The heat transferred to a droplet whenit aquires an additional partile is

Q(ı) = ∆hv − T

2
− γ

(

∂F

∂ı

)

, (2.28)taking into aount the enthalpy of vaporization ∆hv as well as the free energy needed toextend the surfae area. The standard deviation of the energy of vapor moleules that ollidewith a droplet is, again aording to Feder et al. [261℄, given by
B = T

√

cv +
1

2
, (2.29)9The thermodynami potential for this ensemble is similar but not equal to the Gibbs free energy, beausethe system to whih it applies inludes the droplet whih has a higher pressure than the surrounding vapor.10As mentioned above, Farkas assumed that the surfae tension ould depend on the droplet radius. However,the nature of this dependene was unknown to him, and he only stated in very general terms: �Um dieDi�erentialgleihung zu integrieren, müssen wir p(n) . . . von dem entsprehenden Radius x kennen. . . .Die Konstante vor der e-Potenz wird als unbekannte beibehalten, da man die üblihe Integration nihtanwenden kann, weil die Formel in einem wesentlihen Teil des Bereihes niht gültig ist� [172℄. Authorssubsequent to Farkas were usually less srupulous and omitted the fator C altogether [260�263℄.40



2.1 Classial nuleation theorywhere cv is the isohori heat apaity of the supersaturated vapor. The ombination of thesee�ets redues the nuleation rate by the fator [261℄
N =

[

(

Q(ı⋆)

B

)2

+ 1

]−1

. (2.30)Thus, the CNT expression for the nuleation rate 11 an be summarized as
J = CNT · N

′zF ⋆

V
exp

(−∆A⋆

T

)

. (2.31)Deviations of more than ten orders of magnitude between atual nuleation rates and theCNT preditions were observed under ertain onditions experimentally [265℄ and from MDsimulation [266℄, in partiular for vapor to solid nuleation of metals. Suh inauraies anbe plausibly attributed to the unrealisti treatment of the smallest lusters, onsisting of afew partiles only, where the surfae tension is known to be muh smaller than for the planarinterfae [85, 267, 268℄, f. Setion 2.2.The nuleation theory of Laaksonen, Ford, and Kulmala (LFK) aknowledges a urvaturedependene of the spei� surfae energy ̥, i.e. [269℄
̥ı = γ∞

(

1 + αLı
−1/3 + α′

Lı
−2/3

)

. (2.32)The parameter values αL and α′
L are de�ned by omparing the Fisher [270℄ EOS

pV = N ′T
∑

ı

exp (−∆Aı/T ) , (2.33)
N = N ′

∑

ı

ı exp (−∆Aı/T ) , (2.34)to a virial-type expansion of the seond order. Laaksonen et al. [269℄ represent this as
N ′ =

pV

T

(

1 +
b′p

T

)

=
1

N

(

pV

T

)2

, (2.35)where the e�etive seond virial oe�ient is, in this ase, de�ned as
b′ =

V

N
− T

p
. (2.36)Note that the spei� surfae energy ̥ from Eq. (2.32) is multiplied with the surfae area Ffor all free energy expressions, and F is assumed to sale with ı2/3. Thus, the value of α′

Lonly in�uenes a onstant summand whih anels out for the free energy of formation and,by onsequene, does not a�et the values of ı⋆ and J . On the basis of the onsiderationsoutlined above, the remaining parameter evaluates to
αL =

−ps(T )ı2/3
γ∞Fı

b′. (2.37)Depending on the thermodynami onditions, the LFK approah an imply an unphysiallyinreased value of ̥ for small droplets, f. Fig. 2.4.11In the remainder of this work, CNT will mostly be evaluated with C = 1 (for the LJ·TS �uid at highsupersaturation ratios, however, a value of C = 200 will be shown to be appropriate empirially), whereasthe isohori heat apaity cv of the saturated vapor will be used to determine N . 41



2 Curved �uid interfaes

Figure 2.4: Dependene of the spei� surfae energy ̥ı on the droplet size ı for methane(solid lines) and arbon dioxide (dashed lines) at a hemial potential supersaturation ratio Sµ= 1.2 for di�erent temperatures, aording to LFK theory; dotted lines: surfae tension of theplanar interfae, used in CNT and CNT∆µ to approximate the spei� surfae energy.2.2 Curved interfaes in equilibriumPhase oexistene methods are an established approah for obtaining equilibrium data frommoleular simulation [271℄. As Farkas [172℄ pointed out, for a system withN partiles omposedof a droplet ontaining ı and a supersaturated vapor ontaining N − ı partiles, an equilibriumbetween the droplet and the supersaturated vapor orresponds to the ondition ı = ı⋆(T, Sµ).Thus, the equilibrium droplet is a ritial droplet. This onsideration an be applied toobtain properties of the ritial droplet based on CNT [272℄.12 It is also of entral relevane forthe EMLD model13 of Reguera et al. [198℄ and its appliation to nuleation theory [273, 274℄. Inequilibrium, the transition rate T of vapor monomers through the droplet surfae per interfaearea equals the monomer emission rate E of the droplet [263℄
T (T, Sµ) = E(T, ı⋆). (2.38)On the basis of this ondition, the monomer emission rate an be obtained diretly fromthe kineti gas theory one the size of the ritial droplet is known, without introduing anyassumptions about the internal struture of the droplet and the shape of its surfae [275℄.12Note that for the more ommon versions of the lassial approah, whih neglet the pressure e�et, thiswould neessarily lead to inaurate and inonsistent onlusions. On the basis of the present onsiderations,it an for instane be dedued from CNT∆µ that the ritial droplet has a di�erent hemial potential thanthe surrounding supersaturated vapor, although both phases are also known to be in equilibrium under theseonditions.13Reguera et al. [198℄ remark that �a stable luster in a N, V, T system orresponds to the ritial luster inan open (µ, V, T ) system at the orresponding supersaturation. . . . in a on�ned system, sine the totalnumber of moleules N is �xed, the growth of the droplet auses depletion of vapor moleules . . . Eventuallythe drop assumes an equilibrium size and oexists with the vapor in aordane with the Kelvin relation�.42



2.2 Curved interfaes in equilibriumHowever, the same on�guration of a system that inludes a urved vapor-liquid interfaean be in a stable or an unstable equilibrium, depending on the boundary onditions. Aspointed out by Lovett [276℄, the fat that a ritial droplet �an only be in (stable) equilibriumwith a supersaturated vapour in a system with a �nite (small) volume� makes these smallsystems, where �the thermodynami analysis is straightforward and the on�gurations areeasily simulated�, an attrative topi for moleular simulation. Beginning with the work of Leeet al. [277℄, who investigated the free energy of formation for LJ lusters by MC simulation,the senario of a droplet surrounded by supersaturated vapor is often found in the literatureand the emphasis usually lies on equilibrium onditions [85, 87, 197, 278, 279℄.Suh an approah leads to more aurate data on the ritial droplet, e.g. its size ı⋆or surfae tension γ⋆, than observing growth and deay of droplets by non-equilibrium MDsimulation [280, 281℄. It permits sampling ritial droplet properties over a large number oftime steps so that any desired level of auray is eventually reahed. Simulation of ritialdroplets in equilibrium is also omputationally e�ient sine only small systems have to beonsidered.Aording to the Gibbs approah to phase oexistene [18, 19℄, the entire volume is dis-retely divided between the two phases. The sub-volumes are separated by the dividing surfae,a formal interfae that does not oupy any volume.14 The thermodynami properties of theentire system are omposed by the respetive bulk ontributions, orresponding to the ho-mogeneous phases, and an exess term that formally haraterizes the surfae ontribution,e.g.
NA = V ′ρ′A + V ′′ρ′′A +NF

A , (2.39)whih de�nes the exess number of partiles NF
A belonging to omponent A that are adsorbedto the interfae. The Gibbs adsorption (or equimolar) radius Rρ is de�ned by a sphere aroundthe enter of mass of the droplet whih divides the system into volumes V ′ = 4πR3

ρ/3 and
V ′′ = V − V ′ suh that the exess number of partiles beomes zero

3 (N − V ρ′′) = 4πR3
ρ (ρ

′ − ρ′′) . (2.40)The approximation
Rρ ≈

(

3ı

4πρ′

)1/3

, (2.41)an be applied with high auray in this ase to obtain the adsorption radius. Furthermore,the surfae of tension radius Rγ an for the present purposes be de�ned by
Rγ =

2

ρı

(

∂ı

∂F

)

N,V,T

, (2.42)while the Laplae equation
γ =

1

2
RL(pı − p), (2.43)an also be understood as the de�nition of a harateristi radius [85℄: the Laplae radius RL.If the ondition that de�nes the formal dividing surfae is varied, the more general Kondoequation [190℄

γC +
∂γC/∂C

2∂ lnRC/∂C
=

1

2
RC (pı − p) , (2.44)14�Let us take some point in or very near to the physial surfae of disontinuity, and imagine a geometrialsurfae to pass through this point and all other points whih are similarly situated� [18℄. 43



2 Curved �uid interfaeshas to be applied instead of the Laplae equation. Therein, C is the ondition de�ning a radius
RC as well as an interfaial area with

FC ∼ R2
C . (2.45)Aordingly, the surfae tension γC is obtained by

γC =

(

∂AF
∂FC

)

C

. (2.46)The ondition C must be de�ned over a losed subset of R and all exess properties relatedto the formal dividing surfae must be di�erentiable with respet to C so that the partialderivatives15 ∂γC/∂C as well as ∂RC/∂C are well-de�ned. Furthermore, C must be su�ientlyrealisti to permit the de�nition of γC by the partial derivative from Eq. (2.46).16The evident similarity of the Laplae equation and the Kondo equation, f. Eqs. (2.43)and (2.44), suggests a omparison of these expressions for the speial ase of RC = RL with
γC = γ. This apparently yields

(

∂γC
∂C

)

= 0, (2.47)whih might be interpreted as proving that the formal surfae tension γC , de�ned by Eq. (2.46),beomes minimal if the Laplae equation is hosen as the ondition de�ning the radius of theformal dividing surfae [190, 282, 283℄.However, apart from the obvious ondition for the seond partial derivative whih an alsobe proven using that approah [190℄, this onlusion relies on a further impliit assumption.Note that for the speial ase under onsideration, i.e. γC = γ, a relation between the surfaetension and the interfae area of the orresponding surfae of tension is already given by thethermodynami de�nition of the surfae tension, f. Eq. (2.13). This is now ombined with theLaplae equation, whih relates the radius to the surfae tension, f. Eq. (2.43). Hene, therelation between the radius and the surfae of tension is no longer a matter of hoie, i.e. itannot simply be delared proportional to R2
C , f. Eq. (2.45).The validity of Eq. (2.47) therefore atually depends on an additional non-trivial preondi-tion, namely

1

F

(

∂F

∂ı

)

N,V,T

=
2

RL

(

∂RL

∂ı

)

N,V,T

, (2.48)i.e. the di�erential form of Eq. (2.45), whih merits a brief but independent disussion in itsown right. The free energy of formation for a droplet an be expressed as
(

∂A

∂ı

)

N,V,T

=

(

∂AF
∂ı

)

N,V,T

+ (µı − µ)− ∆p

ρı
, (2.49)aording to Eqs. (2.12) and (2.17), with ∆p = pı− p, while from the de�nition of the surfaeof tension radius, f. Eq. (2.42), an additional relation, i.e.

(

∂AF
∂ı

)

N,V,T

=
2γ

Rγρı
, (2.50)15Note that these derivatives are taken only with respet to the ondition C de�ning the surfae, i.e. withouthanges in the atual physial on�guration. The present remark applies to Eq. (2.47) as well.16In the referened artile [190℄, these demands are met informally by applying a bijetion between C and RCso that in all ases, the radius an be varied instead of the ondition de�ning the radius.44



2.2 Curved interfaes in equilibriumfollows for the surfae ontribution to the free energy. For a droplet in equilibrium with asupersaturated vapor, the hemial potential must be invariant aross the phase boundary. Thisis obvious for stable equilibria, and sine a stable equilibrium an be onverted to an unstableequilibrium by inreasing N and V at onstant density, pressure, and hemial potential of thevapor as well as the droplet, it must be valid for ritial droplets in general. In partiular, thisimplies that µ is the same as µ⋆, i.e. the value of µı for ı = ı⋆(T, µ).By inserting Eqs. (2.43), (2.49), and (2.50) into the equilibrium riterion ∂A/∂ı = 0, itfollows17 that the Laplae radius and the surfae of tension radius are equal
2γ

Rγρı
− 2γ

RLρı
= 0,

Rγ = RL, (2.51)whereby it is established that Eq. (2.42) atually is a viable de�nition of the surfae of tensionradius. By applying the de�nitions of the di�erential droplet density, f. Eq. (2.7), as well asthe surfae of tension radius, f. Eq. (2.42), the ratio
RL

F

∂F/∂ı

∂RL/∂ı
=

2

F

(

∂Vı
∂RL

)

N,V,T

, (2.52)is obtained, while it would have to be 2 if Eq. (2.48) was valid.18 This would, however, imply
F ∂Rγ = ∂Vı ≈ F ∂Rρ, (2.53)a proposition whih is ontradited by the known deviation between the surfae of tensionradius Rγ and the equimolar radius Rρ on the moleular length sale [174℄. In fat, the Tolmanlength [174℄, de�ned by

δ = Rρ − Rγ , (2.54)is often understood as the harateristi dimension of a phase boundary with respet to the di-retion normal to the interfae. The present preliminary disussion an therefore be summarizedby the following statements:A) The Laplae radius is not proportional to the square root of the surfae of tension F , andtherefore Eqs. (2.45) and (2.48) do not hold, for systems with a non-zero Tolman length.B) A ondition C whih de�nes RC by RL, i.e. aording to Eq. (2.43), while the surfaetension γC = γ is related to the surfae area FC = F by Eq. (2.13), does not generallyyield the lowest possible value of γC .The orresponding results laimed by previous authors [190, 282, 283℄, f. Eqs. (2.44) and(2.47), an be shown to rely on Eq. (2.48) whih is not valid in most ases.C) The Laplae radius RL is, however, idential with the surfae of tension radius Rγ as de�nedby Eq. (2.42).17Formally, this onlusion is only valid for vapor-liquid interfaes in equilibrium. However, it should be notedthat the Laplae equation is itself derived from an equilibrium of fores so that it annot be applied tonon-equilibrium states, neither as a de�nition of RL nor for other purposes. From a methodologial pointof view, it is therefore more adequate to view Rγ , de�ned aording to Eq. (2.42), as a generalization ofthe Laplae radius.18Here it is expedient to point out that Vı is the volume of the droplet whereas V refers to the whole system.45



2 Curved �uid interfaesD) The atual relation between RL and the interfaial area of the surfae of tension F an beobtained by integrating Eq. (2.52).The Tolman [174, 187℄ approah to urved interfaes is based on the appliation of axiomatithermodynamis to exess quantities of an e�etive dividing surfae as disussed by Gibbs.Thereby, the Laplae equation, f. Eq. (2.43), is ombined with the Gibbs-Duhem equation,f. Eq. (2.2), for both oexisting phases, as well as the Gibbs adsorption equation
dγ = −Γdµ, (2.55)where Γ represents the interfaial exess density assoiated with the surfae of tension, i.e. aquantity that is expressed in units of mol/m2 or σ−2. That yields [174℄

(

∂

∂γ

2γ

Rγ

)

T

= −∆ρ

Γ
, (2.56)in terms of the density di�erene ∆ρ between the oexisting phases, whih leads to
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∂ lnRγ

∂ ln γ

)

T

− 1

]−1
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2δ

Rγ
+

2δ2

R2
γ

+
2δ3

3R3
γ

, (2.57)by further algebrai transformations. The Tolman length δ, related to the interfaial exessdensity by [174℄
Γ

δ∆ρ
= 1 +

δ

Rγ

+
1

3

(

δ

Rγ

)2

, (2.58)is known to be positive for the surfae of a droplet, beause the pressure deay ours furtherinside the droplet than the density deay [85℄. The Tolman equation
γ∞
γ

= 1 +
2δ

Rγ

+O
(

R−2
γ

)

, (2.59)is a simpli�ation of Eq. (2.57) whih relates δ to the urvature dependene of the surfaetension, in aordane with the onsiderations of Kirkwood and Bu� [188, 282, 284℄.Although Tolman [174℄ onsidered the possibility that δ ould itself depend on the dropletradius, he proposed to disregard this dependene.19 Sine the Tolman equation is an expansionin terms of the urvature, desribing the deviation from the zero urvature surfae tension, theaurate value for δ to be onsistently used is the planar interfae Tolman length δ∞ whihis reahed in the limit Rγ → ∞.20 By applying the apillarity approximation, f. Eq. (2.41),Tolman's �rst-order urvature expansion then transforms to
γ

(3ı/4πρ′)1/3 − δ∞
=

γ∞
(3ı/4πρ′)1/3 + δ∞

, (2.60)if the higher-order terms are negleted.19�In the appliation . . . , we shall . . . treat δ as a onstant. At the present stage of theory, we ould hardlyhope to make a reliable omputation of the dependene of δ on droplet size, but an onlude that δ will bereasonably onstant over a wide range of droplet sizes sine it measures the distane between two surfaeswhose separation is presumably losely onneted with intermoleular distanes in the liquid� [174℄.20For this observation, the author is indebted to Srikanth Sastry (Bengal.	uru).46



2.2 Curved interfaes in equilibriumRegarding the dependene of the ritial quantities on the hemial potential of the super-saturated vapor, the identity
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∣

∣

pı=p

, (2.61)follows immediately from the Gibbs-Duhem equation, f. Eq. (2.18), as well as the equality ofthe hemial potential in equilibrium. If the Laplae equation is also applied, it follows that
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, (2.62)and by inverting the Gibbs-Duhem integration for the ontribution of the vapor pressure
ps(ı

⋆, T ) = p, one �nally obtains
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. (2.63)The free energy barrier in the thermodynami limit formally depends on µ aording to theexpression
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. (2.64)The seond ontribution disappears sine ∂A/∂ı = 0 at the ritial droplet size, and with Eqs.(2.23), (2.49), and (2.50) it follows that21
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dı, (2.66)holds for a onstant temperature. Using Gibbs-Duhem integration and the Laplae equation,the partial derivative for the hemial potential inside the droplet µı beomes
∂µı
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, (2.67)so that ∆p anels out in Eq. (2.66). One an then insert (∂p/∂µ)T = ρ and by negletingthe supersaturation dependene of the surfae energy, i.e. in the present ontext by assumingfor ı = ı⋆ that
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, (2.68)21The free energy of formation an be integrated at onstant hemial potential of the vapor beause it wasassumed above that the ritial droplet is formed in the thermodynami limit of a relatively large systemwhere droplet growth does not a�et the properties of the bulk vapor. 47



2 Curved �uid interfaesf. Eq. (2.50), the expression for the free energy barrier from Eq. (2.66) simpli�es to
(

∂A⋆

∂µ

)

T

=

(

1− 1

ı⋆

)

(ρVı − ı⋆) . (2.69)This equation is alled the nuleation theorem. It relates the ritial droplet size to the super-saturation dependene of the free energy barrier. Various forms of the nuleation theorem werepresented by Oxtoby and Kashhiev [285℄ as well as subsequent authors [286�289℄. The mostpopular variants also neglet the pre-exponential ontribution to the nuleation rate, relatingit only to the free energy barrier [290℄. This permits the determination of the ritial dropletsize from the slope of J over Sµ in a double-logarithmi plot
ı⋆ ≈

(

∂ ln J

∂ lnSµ

)

T

(

1− ρ

ρ′

)−1

+ 1. (2.70)Note that CNT and its usual modi�ations assume the surfae energy to be entirely independentof the supersaturation [261, 269℄ so that Eq. (2.68) and therefore the nuleation theorem asgiven by Eq. (2.69) should atually be valid in most ases.Less on�dene an be plaed in Eq. (2.70) and similar variants of the nuleation theorem inthe viinity of the spinodal line, beause there an be a signi�ant pre-exponential ontributionto (∂ ln J/∂ lnS)T . However, this remark does not extend to experimental results far from thespinodal line, where that approximation is in fat su�iently aurate. The atual di�ulty inthese ases rather onsists in obtaining reliable values for both the derivative of ln J and thesupersaturation with respet to the hemial potential.For the simulation of vapor-droplet equilibria it is ruial to hoose the relation of the

Figure 2.5: Tolman length δ of droplets over the urvature of the surfae of tension R−1
γdetermined by anonial ensemble equilibrium MD simulation of the LJ·TS �uid, (•) from thepresent work and (▽) from a previous study [85℄, in omparison with a linear orrelation (solidlines), f. Eqs. (2.71) and (2.72).48



2.2 Curved interfaes in equilibriumnumber of partiles in the droplet to the total number of partiles in the system appropriately.22The liquid fration must be relatively large so that hanges in droplet size signi�antly a�etthe density of the surrounding vapor and the droplet annot evaporate ompletely due to theinrease of the vapor density.

Figure 2.6: Surfae tension of the LJ·TS �uid over droplet size determined by anonialensemble equilibrium MD simulation with the Irving -Kirkwood pressure tensor [189℄, (•) fromthe present work and (▽) from a previous study [85℄. The horizontal dotted lines representthe surfae tension of the planar vapor-liquid interfae whih is also the droplet surfae tensionassumed by CNT. Furthermore, three variants of the Tolman equation are ompared with thesimulation results: the full relation between urvature and surfae tension, f. Eq. (2.57), whereEqs. (2.71) and (2.72) are used to orrelate δ (solid lines); the full relation, f. Eq. (2.57), withthe Tolman length approximated by δ = δ∞(T ) as proposed by Tolman [174℄, using Eq. (2.71)to orrelate δ∞ (dashed lines). The Tolman equation trunated after its �rst-order ontributionin terms of the urvature, f. Eq. (2.60), using the planar interfae Tolman length (dashed-dotted lines). For the present purpose, the equimolar radius Rρ is related to the number ofpartiles ı in the droplet by Eq. (2.41) and to the surfae of tension radius Rγ by Eq. (2.54).Complementing data from a previous study [85℄, vapor-droplet equilibrium MD simulationswere onduted for small systems (total number of partiles N < 2 · 104) here to obtainproperties of the ritial droplet at moderate supersaturation ratios. Droplets with 102 <
ı < 104 partiles were inserted into saturated or moderately supersaturated vapor phases. Thedroplet size was evaluated by applying a version of the luster riterion of ten Wolde and Frenkel[291℄ luster riterion with a onnetivity radius of Rℓ = 1.5 σ and j = 4 required neighbors.These parameter values were hosen in order to remain onsistent with previous results [85℄.A �reliable omputation� [174℄ of δ, while hard to ahieve in 1949, an now easily beonduted by moleular simulation. By sampling urved vapor-liquid interfaes in equilibrium,the Tolman length was found to depend linearly on urvature down to extremely small dropletsizes, f. Fig. 2.5. By extrapolation, the planar interfae value of δ for the LJ·TS �uid an be22Reguera et al. [198℄ noted �that beyond a partiular volume, whih an be alled the evaporation boundary. . . the oexistene equation no longer has a solution. This means that we annot have a droplet oexistingwith its vapor in a big losed ontainer.� 49



2 Curved �uid interfaesTable 2.2: Supersaturation dependene of the surfae tension γ⋆ (in units of εσ−2) and thesize ı⋆ (in number of partiles) of the ritial droplet from anonial ensemble equilibrium MDsimulation of the LJ·TS �uid, applying the Irving -Kirkwood pressure tensor [189℄ at tempera-tures of 0.65, 0.85, and 0.95 ε, in omparison with theoretial preditions for ı⋆ on the basisof full CNT as desribed above and CNT without the pressure e�et as well as LFK theory.The supersaturation is given in terms of the hemial potential supersaturation ratio Sµ. Theapproah used to �t the density and normal pressure pro�les [85℄ ould not be onsistentlyapplied to the MD simulation run orresponding to the results shown in the last line, so thatin this ase no value an be given for the surfae tension.
Tε−1 Sµ γ⋆ ı⋆ ı⋆(CNT) ı⋆(CNT∆µ) ı⋆(LFK)
0.65 1.436 0.590 1270 1250 1230 1240

1.453 0.572 1080 1130 1110 1120
1.483 0.578 1030 968 949 956
1.559 0.553 689 677 664 667
1.563 0.563 720 665 652 655
1.758 0.501 342 331 324 325
1.797 0.527 246 295 289 290

0.85 1.122 0.222 2220 2710 2340 2980
1.179 0.202 839 933 800 1060
1.198 0.224 1320 708 606 814
1.201 0.187 992 680 582 783
1.206 0.157 676 636 544 734
1.261 0.127 449 337 287 399
1.302 0.031 17.0 230 236 276
1.318 0.072 253 201 170 243

0.95 1.067 0.084 2550 2100 1450 2820
1.070 0.059 1900 1850 1280 2510
1.087 � 1060 996 682 1420orrelated using the expression

δ∞(T ) = 0.22 +
0.29 σ

1− T/Tc
, (2.71)while the urvature dependene is desribed by

[δ(T,Rγ)− δ∞(T )]Rγ

0.110 σ2
=

(

1− T

Tc

)−2.10

. (2.72)Surfae tension and size of the ritial droplet were determined for six temperatures in therange between 0.65 and 0.95 ε. The surfae tension was omputed here by following a virialroute, based on the Irving -Kirkwood pressure tensor [189℄ whih was �rst applied to (spherial)interfaes by Bu� [282℄. Its normal omponent is given by [189, 293℄
pn(r) = Tρ(r) +

∑

{ı,j}∈F(r)

−duıj
drıj

∣

∣x · rıj
∣

∣

4πr3 rıj
, (2.73)
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2.2 Curved interfaes in equilibriumTable 2.3: Supersaturation dependene of the size ı⋆ (in number of partiles), the surfae oftension radius Rγ (in units of σ), the Tolman length δ (in units of σ), and the surfae tension
γ⋆ (in units of εσ−2) of the ritial droplet from anonial ensemble equilibrium MD simulationof the LJ·TS �uid at temperatures of 0.7, 0.8, and 0.9 ε. The quantities Rγ , δ, and γ⋆ areobtained by evaluating the normal pressure following the Irving -Kirkwood approah [189℄. Thesurfae tension is also evaluated aording to the Tolman equation trunated after its �rst term,f. Eq. (2.59), using the atual value of δ as well as the orrelated value for the Tolman lengthof the planar vapor-liquid interfae δ∞. The supersaturation is given in terms of the hemialpotential supersaturation ratio Sµ.

Tε−1 Sµ ı⋆ Rγ δ γ⋆ γ⋆(δ) γ⋆(δ∞)
0.7 1.432 739 4.81 1.31 0.463 0.379 0.408

1.446 621 4.54 1.24 0.437 0.378 0.400
1.524 232 2.78 1.40 0.364 0.292 0.334
1.530 422 3.76 1.32 0.418 0.344 0.376
1.543 329 3.33 1.36 0.395 0.322 0.359
1.561 425 3.79 1.31 0.408 0.346 0.377
1.644 274 3.01 1.40 0.386 0.303 0.345
1.647 229 2.78 1.41 0.363 0.290 0.334
1.726 134 1.99 1.53 0.319 0.231 0.285
1.757 201 2.54 1.47 0.349 0.271 0.321
1.770 147 2.18 1.44 0.309 0.252 0.298

0.8 1.212 1130 5.47 1.75 0.308 0.246 0.270
1.249 856 4.87 1.71 0.269 0.237 0.260
1.249 750 4.53 1.77 0.264 0.226 0.253
1.289 612 4.10 1.80 0.270 0.215 0.244
1.300 503 3.66 1.86 0.251 0.200 0.233
1.372 367 2.88 2.10 0.202 0.164 0.209
1.372 205 2.13 1.99 0.190 0.140 0.178
1.394 313 2.62 2.13 0.202 0.154 0.199
1.415 254 2.15 2.29 0.152 0.129 0.179

0.9 1.134 1370 4.49 3.40 0.132 0.0935 0.125
1.145 932 3.48 3.47 0.118 0.0785 0.110
1.147 1040 3.94 3.28 0.139 0.0882 0.117
1.162 650 1.42 4.75 0.0328 0.0306 0.0621
1.179 744 2.43 3.97 0.0869 0.0551 0.0895where ρ(r) is the loal density and the summation overs the set F(r) ontaining all unorderedpairs of moleules ı and j that are onneted by a line interseting the sphere of radius raround the enter of mass. Intersetion oordinates (relative to the enter of mass of the liquiddrop) are given by x and the distane between the moleules is expressed by rıj as well as rıj ,while −duıj/drıj is the fore ating between ı and j. On this basis, the surfae tension wasdetermined as [293℄

(2γ)3 = −∆p2
r=∞
∫

r=0

dpn(r) r
3. (2.74)
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2 Curved �uid interfaesThe results are shown in Tabs. 2.2 and 2.3 as well as in Figs. 2.6 and 2.7. The planar interfaesurfae tension γ∞ of the LJ·TS �uid [85℄
γ∞σ

2

ε
= 2.08

(

1− T

Tc

)1.21

, (2.75)with Tc = 1.0779 ε, is represented by horizontal lines in Fig. 2.6. Clearly, the surfae tensionis signi�antly redued for small droplets when ompared to γ∞. This ontradits the resultsof several studies based on density funtional theory where a maximum of γ over the dropletsize was obtained [294�296℄.Conerning the virial route to the surfae tension, however, various issues remain to besettled as well:
• It is not lear to what extent the spherial average of the pressure tensor sueeds inaounting for the free energy ontribution of apillary waves, i.e. the exited vibrationalmodi of the interfae [297, 298℄.
• Irving and Kirkwood originally proposed their expression for the speial ase of �a singleomponent, single phase system� [189℄. Its derivation relies on trunating an expansion

Figure 2.7: Critial droplet size ı⋆ of the LJ·TS �uid over the supersaturation ratio Sµ interms of the hemial potential, (•) from the present work, (▽) from a previous study [85℄,(△) aording to Napari et al. [292℄, and following CNT (solid lines), CNT without the pressuree�et (dotted lines) as well as LFK theory (dashed lines).52



2.2 Curved interfaes in equilibriumin terms of derivatives of the pairwise density ρ(2) after the �rst term, whih is equal to
ρ(2), thereby disregarding the density gradient ompletely. For a droplet, this an lead toinauraies: �at a boundary or interfae . . . negleting terms beyond the �rst may notbe justi�ed� [189℄.

• By onstrution, the virial route annot be separated from the assumption of a mehanialequilibrium that underlies both the basi approah and the derivation of the pressuretensor. For nanosopi droplets, however, on�gurations deviating from the equilibriumshape orrespond to a signi�ant fration of the partition funtion.Inserting the δ∞ values from Eq. (2.71) into Eq. (2.60) leads to a theoretial desription thatexellently mathes the simulation results on the urvature dependene of γ, f. Tab. 2.3 andFig. 2.6, onsidering that therein, no parameters were adjusted to the surfae tension of dropletsat all. This underlines the internal onsisteny of the Tolman approah.
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2 Curved �uid interfaes2.3 Fluid-wall ontatThe interation between a solid wall and a �uid in immediate ontat with the wall a�ets statiand dynami properties of the �uid in several ways. For instane, a loal ordering with densityminima and maxima at harateristi distanes from the wall is indued, leading to adsorption,i.e. a hange of the total number of �uid moleules whih is proportional to the surfae area,f. Eq. (2.39). If there is a free energy di�erene between a setion of the surfae area overedby liquid and a setion overed by vapor, the ontat angle between the wall and a vapor-liquidinterfae is not retangular. Instead, the area of the vapor-liquid phase boundary is inreasedsuh that the overall free energy of the system reahes a minimum. By MD simulation, thesephenomena an be reliably investigated on a moleular basis.Adsorption has a high tehnial relevane, sine it an e.g. be used for drying and puri�ation[125, 299�301℄. Miro- and nanoporous adsorbents suh as ativated arbon are of partiularinterest here beause of their relatively large surfae area. For relevant tehnial appliations,the regeneration of the adsorbent by desorption is as important as adsorption itself, and itis ruial to know the adsorption isotherms to optimize these proesses. A moleular theoryof adsorption was �rst proposed by Langmuir [302℄ who assumed that a single layer of vapormonomers an be adsorbed on a solid surfae. The rate at whih monomers are adsorbed is
ET αad, where E is the empty fration of the surfae, T is the monomer transition rate givenby the Hertz-Knudsen equation, f. Eq. (2.25), and αad is the Langmuir adsorption onstant,whih is usually assumed to be pressure independent. The monomer emission rate from thesolid surfae is assumed to be proportional to 1 − E, reahing a magnitude of E1 for a fullyovered surfae. In equilibrium, therefore [302℄

ET αad = (1− E)E1, (2.76)holds while
1

E
=

T αad

E1
+ 1, (2.77)haraterizes the vaant fration of the surfae. Both αad and E1 are temperature-dependentquantities. The Langmuir adsorption onstant is always smaller than 1 and dereases somewhatwith inreasing T , but the major ontribution to the temperature dependene is due to E1 whihis roughly proportional to the saturated vapor pressure of the �uid as long as no substantialhanges our to the surfae struture or the interation between the �uid and the solid. Athigh pressures, multi-layer adsorption an also our, whih is qualitatively overed by theBrunauer -Emmett-Teller theory [303℄.In the present study, �uid-wall ontat is onsidered for pure �uids only, whih eliminatesthe main tehnial appliation of adsorption and desorption. However, vapors in ontat with asolid often exhibit one or more adsorbed layers, and all �uids are loally ordered in the viinityof a wall. Therefore, adsorption as a basi e�et is of preeminent importane here as well.For the three-phase ontat between a vapor-liquid interfae and a planar substrate, i.e. asolid wall, the ontat angle ϑ is given by the Young equation [304℄

cosϑ =
∆γs
γ
, (2.78)wherein γ is the surfae tension ating at the interfae between the vapor and the liquid phase,while ∆γs indiates the di�erene between the spei� surfae energies of the substrate when it54



2.3 Fluid-wall ontatis in ontat with the vapor and the liquid, respetively. The sign of ∆γs is positive, i.e. partialor perfet wetting ours, if the surfae tension between the solid and the vapor exeeds thespei� surfae energy for the setions of the substrate overed by liquid.23Using the density funtional theory, Teletzke et al. [305℄ examined the dependene ofwetting and drying transitions on harateristi size and energy parameters of the �uid-walldispersive interation. Subsequently, Sokoªowski and Fisher [306℄ as well as Giovambattistaet al. [307℄ investigated �uid density pro�les in extremely narrow hannels for several valuesof the �uid-wall dispersive energy and surfae polarity, respetively. On the mirosopi andnanosopi level, the statis and dynamis of �uids under on�nement and the orrespondingthree-phase ontat lines an for instane be studied using the lattie Boltzmann method[308, 309℄.MD simulation an be applied to this problem as well, leading to a onsistent moleularapproah.24 A suitable way of alulating the ontat angle of a �uid on a solid substrate byMD simulation regards a liquid slab between two parallel planes, in oexistene with its ownvapor. This has the advantage that at least for a ontat angle of 90◦ the urvature of the�uid phase boundary is zero, whereas for a bubble or a droplet the surfae of tension radiusis neessarily limited by the simulated droplet volume, leading to an extremely high urvatureand a orresponding modi�ation of interfae properties. Moreover, by applying a periodiboundary ondition to obtain a ylindrially shaped interfae, f. Fig. 2.8, one of the urvatureradii an be extended to in�nity.

Figure 2.8: Simulation snapshots for the redued �uid-wall dispersive energy ζ of 0.09 (left)and 0.16 (right) at a temperature of 0.73 ε. The upper half is reprodued in the bottom toillustrate the e�et of the periodi boundary ondition.A layered wall was represented here by a omparably straightforward system of oupledharmoni osillators, using di�erent spring onstants for the transverse vibration with respet23Note that sine only planar substrates are onsidered here, the spei� surfae energy (whih is an integralquantity) and the surfae tension (a di�erential quantity) are the same as far as setions of the wall areonerned. For the disussion of urved surfaes, whih is restrited to the ontat between �uid phases inthe present treatment, this is of ourse not the ase and γ annot be equated with ̥, sine a growth ofthe surfae area in these ases does not our at a onstant surfae of tension radius.24The author would like to thank Martina Heitzig for arrying out the simulation work disussed here. 55



2 Curved �uid interfaesto the layers
uYı (Yı) =

κY

2
(Yı − Y ◦

ı )
2, (2.79)wherein Y ◦

ı is the equilibrium value of the Y oordinate, and longitudinal osillations,
uXZıj (rıj) =

κXZ

2
(rıj −D)2, (2.80)with respet to the equilibrium bond length D between neighboring wall atoms ı and j. The�uid under investigation was the LJ·TS model, and the �uid-wall interation was representedby the LJ·TS potential with σfw = σ, while

εfw = ζε, (2.81)was systematially varied, whereby the same uto� radius rc = 2.5 σ was used for the �uid-�uidand the �uid-wall interation.The model parameters were hosen to represent the struture and density relations ofgraphite and methane. Aordingly, the spring onstant κXZ = 15600 N/m, orresponding tosp2 bonds, was adjusted to the arbon-arbon (C�C) RDF obtained from simulations with theresaled Terso� potential, f. Setion 1.2. In agreement with the relation between the C�Cbond energy (4.3 eV) and the interation energy between adjaent graphite layers (0.07 eV)as given by Cotton et al. [310℄, the interlayer spring onstant was spei�ed as κY = κXZ/60.Applying the LJ·TS parameter values for methane, the redued C�C bond length was D =
0.3816 σ.Massively parallel anonial ensemble MD simulations were onduted with the ls1 mardynprogram. For all simulation runs, the integration time step was set to 1 fs. Vapor and liquidwere independently equilibrated in homogeneous simulations for 10 ps. This was followed by
200 ps of equilibration for the ombined system, i.e. a ylindrially urved liquid slab surroundedby vapor, with a wall onsisting of four to seven layers, f. Fig. 2.8. The periodi boundaryondition was applied to the system, leaving a hannel for the �uid with a height of L = 27.4
σ between the wall and its periodi image.During the MD simulations, the density pro�les were averaged via binning over at least
800 ps after equilibration and the arithmeti mean of the saturated vapor and liquid densitieswas applied to de�ne the position of the phase boundary. In the immediate viinity of thewall, the �uid is a�eted by short-range ordering e�ets [308, 311, 312℄. The in�uene of thisphenomenon was minimized by taking density averages over a bin size of about 1 σ, followingGiovambattista et al. [313℄.A irle was adjusted to the interfae at distanes between 2 and 11 σ from the wall, f.Fig. 2.9, and the tangent to this irle at a distane of 1 σ from the wall was onsistently usedto determine the ontat angle. Due to the �nite size of the hannel, an interfae urvatureup to

R−1
min =

(

L

2
− σ

)−1

= 0.0788 σ−1, (2.82)was reahed in the limit of perfet wetting and drying, while no urvature was present for
ϑ = 90◦ and25

R−1 = R−1
min cosϑ, (2.83)56



2.3 Fluid-wall ontatfollows in ase of partial wetting or drying.Sine for the present system, R−1
min is not a negligible value even on the moleular lengthsale, the urvature in�uene on the tension of the menisus has to be onsidered expliitly,taking the ylindrial shape of the interfae into aount. The Laplae equation beomes

γ = RL∆p, (2.84)f. Eq. (2.43), when one of the harateristi radii of urvature is in�nite. On this basis,Tolman's disussion of urved interfaes [174℄ mostly arries over to the present ase. Itsfurther preonditions, the Gibbs-Duhem equation and the Gibbs adsorption equation, f. Eqs.(2.2) and (2.55), apply to systems with a ylindrial phase boundary as well. In full analogywith the spherial ase, the surfae tension of a ylindrial vapor-liquid phase boundary an berelated to the interfaial exess density by
(

∂

∂γ

γ

RL

)

T

= −∆ρ

Γ
, (2.85)f. Eq. (2.56), from whih one obtains the exat Tolman relation

[(

∂ lnRL

∂ ln γ

)

T

− 1

]−1

=
δ

RL

+
δ2

2R2
L

, (2.86)f. Eq. (2.57), by omparison with the dividing surfae for whih Γ is equal to zero. Therelation between the Tolman length and the interfaial exess density is
Γ

δ∆ρ
= 1 +

δ

2RL
, (2.87)25Aording to the onvention employed here, the urvature has a negative sign for a onave menisus,orresponding to wetting, while it is positive for drying.

Figure 2.9: Vapor-liquid interfae pro�les for the redued �uid-wall dispersive energy ζ of0.07 (upward triangles), 0.10 (squares), 0.13 (irles), and 0.16 (downward triangles) at atemperature of 0.82 ε. 57



2 Curved �uid interfaesf. Eq. (2.58), for the system under onsideration. As shown in Fig. 2.10, this an be approxi-mated by the orresponding version of the Tolman equation
γ∞
γ

= 1 +
δ

RL
+O

(

R−2
L

)

, (2.88)f. Eq. (2.59), negleting the higher-order ontributions and applying the approximation δ ≈
δ∞(T ) as orrelated by Eq. (2.71).

Figure 2.10: Curvature in�uene ln γ/γ∞(T ) on the surfae tension of ylindrial vapor-liquidmenisi for the LJ·TS �uid at temperatures of 0.82, 0.88, and 1 ε aording to the full Tolmanrelation (solid lines), f. Eq. (2.86), and the Tolman equation (dotted lines), f. Eq. (2.88),negleting higher-order ontributions, over urvature in terms of the inverse Laplae radius
R−1

L . The left and right limits of the �gure orrespond to the urvature reahed for the limitsof perfet wetting and drying, respetively, in ase of the present ontat angle simulations.The Tolman length is approximated by its value for the planar phase boundary as orrelated byEq. (2.71).Although a ertain deviation does arise between the full and the trunated expressions, thepresent results for droplets, f. Figs. 2.5 and 2.6, show that the main inauray onsists inusing the Tolman length of the planar interfae. This is probably the ase for a ylindrialurvature as well, and sine quantifying the dependene of δ on RL for these systems must beleft to future studies, Eq. (2.88) will be used here as the most adequate available approximation.By ombining the Young equation, f. Eq. (2.78), with the Tolman equation as well as Eq.(2.83), the relation between the ontat angle in a slit-like nanopore and the surfae tensionvalues for the respetive planar interfaes is obtained as
cosϑ =

(

γ∞
∆γs

+
δ∞
Rmin

)−1

, (2.89)i.e. the Young -Tolman equation for ylindrial menisi, wherein Rmin is half the e�etive hanneldiameter.58



2.3 Fluid-wall ontat

Figure 2.11: MD simulation results for the ontat angle in dependene of the redued �uid-wall dispersive energy at temperatures of T = 0.73 (•), 0.88 (N), and 1 ε (◦) in omparisonwith the Young -Tolman equation (solid lines), f. Eq. (2.78), and the Young equation (dottedlines), f. Eq. (2.89), with ζ = 0.118 and a redued �uid-wall surfae energy di�erene of Kγ= 7 σε.The present MD simulation results are shown in Tab. 2.4 as well as Figs. 2.11 and 2.12.Note that the triple point temperature of the LJ·TS �uid is about 0.65 ε aording to van Meelet al. [314℄ while the ritial temperature is 1.0779 ε as mentioned above [85℄ so that the entireregime of vapor-liquid oexistene was overed here.26High values of ζ orrespond to a strong attration between �uid partiles and wall atoms.This leads to a ontat angle below 90◦, i.e. to partial (ϑ > 0◦) or perfet (ϑ = 0◦) wettingof the surfae. As expeted, with inreasing �uid-wall dispersive energy, the extent of wettinggrows, f. Fig. 2.11. As an be seen in Fig. 2.12, a transition from obtuse to aute ontatangles ours at ζ values between 0.11, where the ontat angle osine is negative over thewhole studied temperature range, and 0.13, where the osine beomes positive.Figure 2.11 shows that for high temperatures, the range of ζ values leading to the formationof a ontat angle, as opposed to perfet wetting or drying, is quite narrow. The present plotsagree qualitatively with those determined by Giovambattista et al. [313℄ for the in�uene ofthe polarity of hydroxylated silia surfaes on the ontat angle formed with water. In Fig.2.12, it an be seen learly that the extent of wetting or drying, respetively, inreases asthe temperature approahes Tc, eventually leading to ritial point wetting. Furthermore, thefollowing tendenies an be observed immediately:A) The absolute magnitude of (∂ cosϑ/∂T )ζ inreases as perfet wetting or drying is ap-proahed, i.e. the plots shown in Fig. 2.12 beome steeper.26Due to nanosopi on�nement, the e�etive triple point temperature is probably somewhat elevated for thepresent system while the ritial temperature is lower than for the bulk �uid [315�317℄. During simulationsat T = 0.75 ε with ζ = 0.3978, for instane, the emergene of a vapor-solid equilibrium an be found,although this is a relatively extreme ase beause of the omparably high ζ value. 59



2 Curved �uid interfaesTable 2.4: Contat angle of the LJ·TS �uid from MD simulation of vapor-liquid menisi ina planar hannel with a height of 27.4 σ and walls omposed of hexagonal layers with a bondlength of 0.3816 σ as well as an interlayer distane of 0.8996 σ in dependene of T and ζ .
H
H
H
H
H
H

ζ
T/ε

0.73 0.82 0.88 1

0.07 127◦ 134◦ 139◦ 180◦

0.09 112◦ 116◦ 119◦ 180◦

0.10 107◦ 106◦ 109◦ 145◦

0.11 99◦ 95◦ 96◦ 128◦

0.12 � � 86◦ 86◦

0.13 82◦ 79◦ 76◦ 81◦

0.14 73◦ 67◦ 63◦ 0◦

0.16 58◦ 45◦ 40◦ 0◦B) In the viinity of the ritial temperature, small temperature hanges lead to a muh moresigni�ant variation of ϑ than for T ≪ Tc.C) The ontat angle dependene on ζ is approximately linear in the range 60◦ < ϑ < 120◦.D) The ϑ�ζ diagram is approximately symmetri with respet to a temperature invariant value
ζ ≈ 0.118 of the redued �uid-wall dispersive energy for whih the ontat angle beomesretangular.

Figure 2.12: MD simulation results for the ontat angle over temperature with a redued�uid-wall dispersive energy of ζ = 0.07 (�), 0.09 (◦), 0.1 (H), 0.11 (�), 0.13 (�), 0.14 (△),and 0.16 (•) in omparison with the Young -Tolman equation (solid and dashed lines), f. Eq.(2.89), with ζ = 0.118 and a redued �uid-wall surfae energy di�erene of Kγ = 7 σε.60



2.3 Fluid-wall ontatObservation A suggests a �rst-order transition between partial and perfet wetting or drying,respetively, for the present system, as desribed by Cahn [318℄. For a seond-order wettingtransition, (∂ cos ϑ/∂T )ζ would onverge to zero in the limit of perfet wetting, a tendeny thatis not supported at all by the present simulation results. Observation D orroborates Monson[319℄ who obtained the same symmetry based on mean-�eld DFT alulations.The physial auses at work behind the dependene of ϑ on the temperature and theredued �uid-wall dispersive energy an be theoretially understood, at least qualitatively, byonsidering the spei� surfae energy di�erene ∆γs between the oexisting �uid phases inontat with the substrate. If ∆γs is redued by the density di�erene ∆ρ between the �uidphases as well as the deviation of ζ from the value where the solid prefers none of the �uidphases, i.e. ∆ζ = ζ − ζ, the quantity
Kγ =

∆γs
∆ρ∆ζ

, (2.90)is obtained. Applying the orrelations for the LJ·TS �uid regarding the �uid phase densitydi�erene [85℄
∆ρ

ρc
= −0.1014 T

3/2
♭ − 0.2751 T♭ + 3.631 T

1/3
♭ , (2.91)with T♭ = (1− T/Tc), as well as the Tolman length and the vapor-liquid surfae tension in thezero-urvature limit, f. Eqs. (2.71) and (2.75), the Young -Tolman equation, f. Eq. (2.89),an be used to obtain the ontat angle for a given magnitude of the redued �uid-wall surfaeenergy di�erene Kγ. As shown in Figs. 2.11 and 2.12, this straightforward theoretial approahaptures the qualitative behavior of the onsidered system. A good quantitative agreement isreahed for a onstant value Kγ = 7 σε, although there is of ourse no reason to assume that

Kγ should be entirely independent of both ζ and T .Figure 2.11 indiates both the results of the Young -Tolman equation for the atual hanneldiameter and the respetive ontat angles from the Young equation, orresponding to themarosopi ase where no signi�ant urvature e�ets are present for the �uid phase boundary.It an be seen that the di�erene between the ontat angle in the simulated system and themarosopially observable value is negligible in most of the ases, while it beomes quitein�uential at high temperatures and large deviations from 90◦.
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3 Diret simulation of nuleation3.1 Simulation methodologyExperimental methods for studying homogeneous nuleation fae onsiderable hallenges: Inpratie, a homogeneous system without walls or other irregularities an at best be approx-imated, a di�ulty that is absent in moleular simulation. Furthermore, the experimentallyaessible range of the nuleation rate J is limited to omparably slow proesses that arerelatively far from the spinodal [320℄.In moleular simulation, homogeneous nuleation an be studied straightforwardly, e.g. bya diret method where a supersaturated vapor is sampled, the emerging droplets are ounted,and the number of relatively large droplets is evaluated over time. The droplet formation rate
Jℓ is the number of droplets exeeding a threshold size ℓ formed per volume and time in asupersaturated vapor

Jℓ = Σı>ℓ
dNı

V dt
, (3.1)one the metastable state is established, i.e. after a relaxation time depending on the initialonditions. Therein, Nı is the number of droplets ontaining ı partiles. That is the basisof the Yasuoka-Matsumoto (YM) approah of obtaining nuleation rates by diret moleularsimulation [255℄, whih has found widespread aeptane [266, 321�326℄, along with mean �rstpassage time (MFPT) analysis as introdued by Wedekind et al. [327, 328℄, whih is based onthe repetitive simulation of even smaller systems.Experimentally, the nuleation rate J is also determined as a droplet formation rate, butwith a threshold size many orders of magnitude larger than the ritial droplet size. Due torestritions in omputing power, however, a size on the nanometer sale must be hosen as thethreshold in moleular simulation. Under suh onditions, the hoie of ℓ may in�uene theresult and it must be indiated expliitly, i.e. as Jℓ instead of J .For simulation in the anonial ensemble, it has to be taken into aount that as theondensation proeeds, the density of the remaining vapor dereases and the pressure in thevapor is redued signi�antly.1 This auses larger droplets to be formed at a lower rate, f.Figure 3.1. In the present work, the droplet formation rate is therefore given together withpressure values or supersaturation ratios determined in the enter of an interval during whih

Σı>ℓdNı/dt was obtained by linear approximation.With the presently available omputational resoures, MD simulations of volumes V ≈
10−21m3 an be onduted for a time span of a few nanoseonds with an aeptable om-putational e�ort. Thus with the diret approah, whih requires several stable droplets toemerge in the system, only nuleation rates su�iently above 1030 m−3s−1 are aessible unlessorrespondingly larger omputational resoures are employed. Hene, the diret approah anurrently only be applied to vapors at extreme supersaturation ratios, i.e. in the viinity of thespinodal line. This still leaves about six orders of magnitude that neither an be overed by1In ase of expanding systems, as simulated by Römer and Kraska [326℄, this e�et is of ourse even stronger.62



3.1 Simulation methodology

Figure 3.1: Number of droplets ontaining at least 25, 100, 300, 600, and 1000 partiles,respetively, over simulation time in a volume of (63.7 nm)3 �lled with methane at 130 K and1.606 mol/l.experiment nor by moleular simulation [320℄ so that a sound theoretial model or interpolationbetween simulation and experiment is required.The size evolution of any given droplet an be analyzed in terms of a random walk over theorder parameter ı, hanging only by relatively small amounts ∆ı, usually by the absorption oremission of monomers, i.e. single vapor partiles [329℄. As outlined by Smoluhowski [50, 52℄,the probabilities for the growth and deay transitions are proportional to the respetive valuesof the partition funtion Z, resulting in
W+(ı) =

1

2
+

(dZ/dı)∆ı
2Z +O (∆ı2)

+O
(

∆ı2
)

, (3.2)and
W−(ı) =

1

2
− (dZ/dı)∆ı

2Z +O (∆ı2)
+O

(

∆ı2
)

. (3.3)The probability W F(ı) that a ertain size is eventually reahed (at any time during the randomwalk), given that the urrent size is ı, has the property
W F(ı) = W+(ı)W F(ı+∆ı) +W−(ı)W F(ı−∆ı). (3.4)By substituting

W F(ı±∆ı) = W F(ı)± dW F

dı
∆ı+

d2W F

2dı2
∆ı2 +O

(

∆ı3
)

, (3.5)it follows for small ∆ı, negleting terms of third order and higher, that
dZ
Zdı =

−d
(

dW F/dı
)

2 (dW F/dı) dı
. (3.6)63



3 Diret simulation of nuleation

Figure 3.2: Droplet formation rate for the LJ·TS �uid from the present diret simulationsover pressure supersaturation ratio Sp for threshold values ℓ of (▽) 25, (•) 50, (◦) 75, (�)
100 ≤ ℓ ≤ 150, as well as (△) ℓ ≥ 300 partiles, and nuleation rate following CNT (solidlines), CNT without the pressure e�et (dotted lines) as well as LFK theory (dashed lines).Using the partition funtion for the anonial ensemble, the derivative of the probability is givenby

dW F

dı
= α′ exp (2∆Aı/T ) , (3.7)where α′ is an integration onstant. Obtaining the two remaining parameters from the boundaryonditions

Q (1) = 0, (3.8)
lim
ℓ→∞

Q (ℓ) = 1, (3.9)the ommittor funtionQ (ℓ), i.e. the probability for a droplet ontaining ℓ partiles of eventuallyreahing marosopi size, is
Q (ℓ) =

∫ ℓ

1
exp (2∆Aı/T ) dı

∫∞

1
exp (2∆Aı/T ) dı

. (3.10)The droplet formation rate Jℓ is related to the nuleation rate J by
J = JℓQ (ℓ) , (3.11)64



3.1 Simulation methodology

Figure 3.3: Droplet formation rate over pressure supersaturation ratio Sp for arbon dioxidefrom the present diret simulations for threshold values ℓ of (▽) 25, (•) 50, (◦) 75, (�) 100, aswell as (△) ℓ ≥ 200 moleules, and nuleation rate following CNT (solid lines), CNT withoutthe pressure e�et (dotted lines) as well as LFK theory (dashed lines). The supersaturation isgiven in terms of the pressure supersaturation ratio Sp.under the assumption that the reation oordinate of the nuleation proess an be approxi-mated by the order parameter ı.Series of MD simulations of nuleating vapors were onduted using a version of the programls1 moldy , the preursor [232℄ of ls1 mardyn. The simulations were arried out in the anonialensemble with a time step between 2.5 and 7 fs, depending on the density and the systemtemperature. In all simulations of the investigated full LJ and 2CLJQ �uid models for methane,ethane, and arbon dioxide, the uto� radius rc was larger than 4.5 σ. The LJ·TS �uid was,of ourse, onsidered with rc = 2.5 σ.Fluid argon an be represented aurately by a LJ·TS moleular model. The orrespondingpotential parameters are σ = 3.3916 Å and ε = 137.90 K [85℄, f. Tab. 1.1. Experimentalnuleation data for pure argon are available, however, at very low temperatures below the triplepoint predominantly.2 The onset pressure pω, de�ned as the pressure where the nuleation rateexeeds a ertain minimal value Jω, was determined for homogeneous nuleation of argon byPiere et al. [243℄, Zahoransky et al. [332, 333℄, and Iland et al. [334℄. The onset nuleationrate Jω depends on the experimental setup and was provided (or estimated) by the authors ofthe respetive studies, with the exeption of the measurements of Piere et al. [243℄, for whih
Jω = 1019 m−3s−1, as given by Iland [320℄, was assumed here.Note that diret MD simulation of nuleation, where droplet formation is observed in anear-spinodal supersaturated vapor, has its limits: if nuleation ours too fast, it a�ets theproperties of the vapor to a signi�ant extent [335℄, so that the droplet formation rate, and2In reent supersoni expansion experiments [330℄, the �stagnation� temperature reahed at the end ofthe expansion an even be lower than 0.1 K. Understanding suh proesses, however, requires a profoundadaptation of the theoretial approah [331℄ and the simulation methodology [326℄ to the instationaryexperimental onditions. 65



3 Diret simulation of nuleationTable 3.1: Nuleation onset pressure pω (in units of kPa) for argon at low temperatures (inunits of K) from experimental data in omparison with the pressure where the assumed onsetnuleation rate Jω (in units of m−3s−1) is reahed aording to CNT without the pressuree�et; the data of Piere et al. [243℄ were published in graphial form only.ref. T Jω pω(exp) pω(CNT∆µ)[332℄ 48.2 103 0.31 1.2[334℄ 48.2 1010 1.3 2.1[243℄ 55 1019 19 16[332℄ 55.8 103 0.99 4.8[333℄ 55.9 109 5.28 6.7[334℄ 55.9 1010 6.2 7.1[333℄ 60.2 109 11.1 12[332℄ 60.3 103 2.27 9.5[333℄ 62.7 109 12.7 17[243℄ 63 1019 52 34[333℄ 69.9 109 23.9 42[332℄ 85.1 103 114 180[243℄ 98 1019 690 570hene the nuleation rate determined by the YM method varies over simulation time [336℄.On the other hand, equilibrium simulations fail to reprodue kineti properties of nuleationproesses suh as the overheating of growing droplets due to latent heat. Although it ismore rigorous to alulate J from a MFPT analysis, Chkonia et al. [336℄ point out that �theomputational osts of making the neessary repetitions to evaluate the MFPT an be veryhigh,� while �YM requires many lusters forming and it therefore beomes more sensible todeviations oming from vapor depletion or oalesene of lusters.�It is therefore more adequate to investigate homogeneous nuleation as a steady-state non-equilibrium proess, whih an be ahieved by ombining grand anonial MD (GCMD) andMDonald 's demon [250℄, an �intelligent being� that eliminates large droplets from the system.The novel simulation approah introdued here for this purpose thus failitates sampling overan arbitrary time span, as opposed to the YM method whih is limited to the relatively shortinterval where nuleation, instead of relaxation or droplet growth, dominates the dynamis.On the other hand, it retains the advantages of the YM method, so that a single diret MDsimulation run is su�ient and the nuleation rate is straightforwardly determined from thenumber of relatively large droplets formed over time.Whenever a droplet exeeds the spei�ed threshold size, an intervention of MDonald 's de-mon [250℄, whih is also erroneously alled Szilárd 's demon3 by Shmelzer et al. [340℄, removes3Szilárd [337℄ atually disussed a variant of Maxwell 's demon that is usually � and orretly � alled Szilárd 'sengine or demon [338℄. However, that demon deals with muh simpler systems, ideally ontaining only asingle partile, and is hardly related to the work of MDonald. In the present ase, the onnetion to Szilárdan atually be traed bak to MDonald himself who introdued his demon �by invoking a notion due,aording to Dunning, to Szilard� [250℄. Via a related artile [339℄, he indiretly referred to the work ofFarkas [172℄ whih ontains an idea akin to MDonald 's approah: �nah oben hingegen muss für sehrgrosse n die Konzentration der Tröpfhen vershwinden�. Farkas aknowledged Szilárd for this: �Die Ideedie der strengen Betrahtung zugrunde liegt, stammt von L. Szilard� [172℄. It should be noted, however,that none of the previous onsiderations inluded the intervention of a demon, i.e. an intelligent being.66



3.1 Simulation methodologyit from the system and replaes it by a representative on�guration of the metastable phase. Ifa dense phase is simulated, this an for instane be ahieved by inserting an equilibrated homo-geneous on�guration in the enter of the free volume, followed by preferential test insertionsand deletions in the a�eted region. In a supersaturated vapor, however, the density is usuallyso low that it is su�ient to leave a vauum behind.The hemial potential of the vapor an be regulated by GCMD, f. Setion 1.4. Thereby,the number of MC test ations, i.e. probabilisti insertions and deletions, must be su�ientlyhigh to ompensate for the interventions of MDonald 's demon. For the present series ofsimulations, the number of test ations per simulation time step was hosen between 10−5and 10−3 N , a value whih was oasionally further dereased after equilibration if very lowintervention rates were observed.The new method was applied to homogeneous nuleation of the LJ·TS �uid here as well.For the present series of simulations, the Stillinger [341℄ riterion was used to de�ne the liquidphase, and droplets were determined as bionneted omponents. After a temporal delay,depending on the threshold size, the intervention rate thereby reahed a perfetly stationaryvalue, f. Fig. 3.4.

Figure 3.4: Number of droplets per volume over simulation time for droplets ontaining
ı > 10, 25, 50, and 100 partiles in a anonial ensemble MD simulation of the LJ·TS �uidat T = 0.7 ε and ρ = 0.03421 σ−3 in omparison with the aggregated number of demoninterventions per volume in a GCMD simulation with T = 0.7 ε, Sµ = 2.8658, and ℓ = 51.Figure 3.4 shows the aggregated number of demon interventions in one of the presentGCMD simulations and, for omparison, the number of droplets in a MD simulation of theanonial ensemble under similar onditions. The onstant supersaturation ratio of the GCMDsimulation was the same as the time-dependent supersaturation in the anonial simulationabout t = 580 (m/ε)1/2σ after simulation onset, where it an be seen that the YM dropletformation rate for ℓ = 50 roughly agrees with the intervention rate of MDonald's demon for
ℓ = 51.With a threshold far below the ritial droplet size, the intervention rate of MDonald 'sdemon is many orders of magnitude higher than the steady-state nuleation rate. In agreement67



3 Diret simulation of nuleationTable 3.2: Logarithm of the demon intervention rate Jℓ (in units of (ε/m)1/2σ−4) fromGCMD simulation of the LJ·TS �uid and the ommittor funtion Q estimated as Jℓ/Jminℓ fromomparison of simulation results for di�erent values of the threshold size ℓ, where Jminℓ is theintervention rate obtained for the maximal applied value of ℓ, f. Eq. (3.11), as well as aordingto CNT without the pressure e�et.
T Sµ ℓ ln Jℓ ln

(

Jℓ/J
min
ℓ

)

lnQ(CNT∆µ)
0.7 2.496 10 −13.6 −8.5 −14.7

15 −15.7 −6.4 − 9.98
20 −17.0 −5.1 − 6.68
25 −17.6 −4.5 − 4.35
30 −19.2 −2.9 − 2.70
35 −19.9 −2.2 − 1.59
48 −21.7 −0.4 − 0.255
56 −21.2 −0.9 − 0.0528
65 −21.9 −0.2 − 0.0053
74 −22.1 0 − 0.0003

0.9 1.24 89 −18.9 −2.4 − 3.28
149 −19.8 −1.5 − 0.474
209 −21.3 0 − 0.0205

1.26 70 −16.6 −1.6 − 3.21
116 −17.8 −0.4 − 0.594
162 −18.2 0 − 0.0463

1.28 55 −15.7 −1.3 − 3.28
91 −16.1 −0.9 − 0.748
127 −17.0 0 − 0.0915with Eq. (3.10), Jℓ reahes a plateau for ℓ > ı⋆, f. Tab. 3.2. In partiular, the approximation

J ≈ Jℓ is valid for all values shown in Fig. 3.5.In Fig. 3.6, it an be seen how the dereasing supersaturation in a anonial ensemble MDsimulation a�ets the droplet size distribution. The droplet size distribution from GCMD withMDonald 's demon, however, is onstant after equilibration and an therefore straightforwardlybe ompared with theoretial preditions, following the approah4 of Toxværd [342℄. In ase ofthe simulation run shown in Fig. 3.6, the distribution of small droplets present per volume atabout t = 400 (m/ε)1/2σ after simulation onset was similar for both approahes, due to similarvalues of the supersaturation ratio.Near and above the ritial size, i.e. 27 partiles aording to CNT∆µ, deviations arisebeause of the use of di�erent boundary onditions. A omparison with the theoretial predi-tion orroborates the statement of Talanquer [343℄ that CNT overestimates the free energy ofdroplet formation and therefore underpredits the number of droplets present in the metastablestate.4�Instead of a diret omparison of nuleation times one an, however, ompare the di�erent quasi-equilibriumstates in whih the nuleation events appear. The (partial) pressures, temperatures and distributions oflusters in these states an be determined very aurately from ensembles of many millions of timesteps�[342℄.68



3.2 Carrier gas pressure e�et

Figure 3.5: Nuleation rate of the LJ·TS �uid over supersaturation from the present GCMDsimulations with MDonald 's demon (•) as well as aording to CNT (solid lines), CNT withoutthe pressure e�et (dotted lines), CNT with C = 200 (dashs and dots) and LFK theory (dashedlines) at temperatures of 0.45, 0.65, 0.7, 0.85, 0.9, and 0.95 ε. The supersaturation is givenin terms of the hemial potential supersaturation ratio Sµ.3.2 Carrier gas pressure e�etAlthough a systemati disussion of CO2 nuleation was, surprisingly enough, published for theambient onditions prevailing on Mars [344℄, to the author's knowledge no analogous study isavailable for the eologially and tehnially more relevant atmosphere omposition of our ownplanet. That gap is losed by the present series of simulations5 whih haraterizes the airpressure e�et on the ondensation proess in a vapor ontaining more CO2 than at saturation.The employed moleular models, f. Tab. 1.1, are known to reprodue VLE properties with agood auray [121, 345, 346℄. The emphasis is laid on the intermediate regime, whih is wherethe YM method an best be applied, and the simulation results are ompared with theoretialpreditions on the basis of CNT as well as CNT∆µ.For the following onsiderations, ps refers to the pure substane vapor pressure of thenuleating omponent, whereas p is the total pressure inluding the pressure ontribution of aninert arrier gas. Aording to internally onsistent CNT [258℄, f. Eq. (2.23),5The help of Lin Zengyong (蔺增勇), who arried out the simulation work presented in this setion, is gratefullyaknowledged. 69



3 Diret simulation of nuleation

Figure 3.6: Number of droplets per vapor volume over droplet size from anonial ensembleMD simulation of the LJ·TS �uid at T = 0.7 ε and ρ = 0.04044 σ−3, averaged over samplingintervals of 320 < t < 480 (△) and 970 < t < 1130 (m/ε)1/2σ (▽) after simulation onset,and from GCMD simulation with T = 0.7 ε, Sµ = 2.8658, and ℓ = 51 (�) in omparison witha predition for the same onditions based on CNT without the pressure e�et (solid line).the free energy barrier of the nuleation proess6
∆A⋆ =

16πγ3∞
3(ρ′∆µe)

2
+∆µe − π1/3

(

6

ρ′

)2/3

γ∞, (3.12)is reahed for the ritial droplet size, wherein the e�etive hemial potential di�erene ∆µeis de�ned by Eq. (2.22).Considering that the kineti prefator
zF ⋆ =

2

ρ′

(γ∞
T

)1/2

, (3.13)whih onsists of the Zel'dovi£ fator z, f. Eq. (2.27), and the surfae area of the ritialdroplet F ⋆, f. Eqs. (2.14) and (2.21), does not depend on ∆µe aording to CNT, onlytwo ontributions to J have to be onsidered for the arrier gas e�et as long as the pressureontribution P of the nuleating omponent remains onstant [254℄. On the one hand, a higherarrier gas density dereases ∆µe, leading to a higher value of the free energy barrier, f. Fig.3.7. On the other hand, its presene failitates the thermalization of the emerging droplets,suh that the non-isothermal fator N , f. Eq. (2.30), also inreases, whih an be expressedas
B2

T 2[cV (0) + 0.5]
=

k
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0 [cV (A) + 0.5]
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1/2
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, (3.14)6Sine in CNT∆µ, the pressure e�et is not taken into aount, the hemial potential di�erene ∆µ is usedinstead of ∆µe.70



3.2 Carrier gas pressure e�et

Figure 3.7: Free energy of formation aording to CNT for CO2 droplets in supersaturatedvapors at T = 250.2 K with Sρ = 2.72 and CO2 mole frations of y = 1 (solid line), 1/2(dashed line), and 1/3 (dotted line), reahing a maximum for the ritial size (�). Note thatin the thermodynami limit, i.e. in a marosopi system, the Gibbs, Helmholtz, and Landaufree energies of formation are equal.aording to Feder et al. [261℄. In this expression, A enumerates the omponents and k is thenumber of omponents pertaining to the arrier gas, while A = 0 orresponds to the nuleatingomponent, e.g.m1 is the moleular mass for the �rst omponent of the arrier gas and cV (0) isthe isohori heat apaity of the pure nuleating omponent. The mole fration of omponent
A in the supersaturated vapor is indiated by yA. If these two main aspets of the pressuree�et, disussed by Wedekind et al. [254℄, are ombined for systems with an inert arrier gas,one obtains the fator

W =
JCNT

JCNT(pure)
=

N
N (pure)

exp

(

∆A⋆(pure)−∆A⋆

T

)

. (3.15)Note that the heat Q transferred to a droplet by the absorption of a monomer and the number
N ′ of monomers in the system are a�eted by the density of the arrier gas as well, beauseit in�uenes the size and hene the surfae area of the ritial droplet. Whenever CNT isevaluated here, these ontributions are also onsidered. However, it should be kept in mindthat their in�uene on the nuleation rate is muh smaller than the e�ets aused by the hangeof the free energy barrier ∆A⋆ and the kineti energy variane of vapor moleules B2. For theWedekind fator W, the total in�uene of the arrier gas on thermal non-aommodation istaken into aount, while the variation of the monomer density is negleted, following theapproah of Wedekind et al. [254℄.Under ertain onditions, the pressure e�et does not exeed the experimental unertaintyand an thus be negleted [347℄. In other ases, however, the in�uene an be experimentallydeteted, with apparently ontraditory results: sometimes J inreases with the amount ofarrier gas, in other ases the opposite tendeny is observed [348, 349℄. The W fator explainsthis in priniple, sine it ombines the thermal non-aommodation fator, whih inreases71



3 Diret simulation of nuleationwith y → 0, and the free energy e�et that leads to an e�etive hemial potential di�erene
∆µe < ∆µ. Depending on the thermodynami onditions, eah of these ontributions an bepredominant [254℄.To omplement the present results regarding supersaturated vapors, the saturated state wasalso investigated by applying the Grand Equilibrium method [217℄, as implemented in the odeprovided by the ms2 projet [234℄, to the VLE of the quaternary system under onsideration.The employed moleular models were extensively validated with respet to the VLE behaviorfor all six binary [121℄ and two out of four ternary subsystems [345℄, i.e. N2 + O2 + Ar as wellas CO2 + N2 + O2. The present Grand Equilibrium simulations over a broad temperaturerange with CO2 bubble line mole frations x(CO2) of 0.910, 0.941, and 0.969 mol/mol.Exept for the highest temperature, whih orresponds to 93 % of the ritial temperaturefor pure arbon dioxide, the mole frations y(N2), y(O2), and y(Ar) on the dew line areone order of magnitude higher than the orresponding bubble line mole frations, f. Tab.3.3. This on�rms that for temperatures su�iently below Tc(CO2), the air omponents onlyaumulate to a limited extent in the liquid arbon dioxide phase. As a �rst approximation,the air an therefore be treated as a arrier gas for CO2 nuleation so that CNT an beapplied as presented above, i.e. with a single nuleating omponent. For mixtures with a moreomplex behavior, suh as ethanol + hexanol [350℄, water-alohol mixtures [351, 352℄, or water+ nonane + butanol [353℄, multi-omponent nuleation ours. In these ases, a di�erenttheoretial approah has to be applied, e.g. CNT for binary systems as disussed by Reiss in
1950 [192℄.

T [K℄ x (CO2) ps [MPa℄ y/x (N2) y/x (O2) y/x (Ar) ρ′ [mol/l℄ ρ′′ [mol/l℄
182.7 0.969 2.53(8) 40(2) 24.5(9) 24.7(9) 29.24(1) 1.85(6)

0.941 3.9(1) 21.5(8) 13.9(5) 13.7(5) 29.13(1) 3.03(8)
0.910 6.0(2) 13.7(4) 9.1(3) 9.0(3) 29.01(2) 5.3(2)

232.9 0.941 4.38(5) 14.0(2) 10.8(1) 10.3(1) 24.94(3) 2.66(3)
0.910 5.30(4) 9.7(1) 7.72(8) 7.34(8) 24.47(2) 3.25(2)

263.5 0.969 5.97(4) 5.6(1) 4.88(8) 4.72(7) 19.3(2) 3.90(3)
0.941 6.98(3) 4.31(5) 3.82(5) 3.67(4) 18.55(9) 4.63(2)Table 3.3: VLE data for the quaternary system CO2 + N2 + O2 + Ar. The liquid ompositionis equimolar in nitrogen, oxygen, and argon, i.e. x(N2) = x(O2) = x(Ar) = [1− x(CO2)] / 3.The values in parentheses indiate the unertainty in the last digit.For the present homogeneous nuleation simulations, the YM method was applied to sys-tems with N(CO2) = 300 000. The total number of moleules was up to N = 900 000 suhthat the arrier gas with N(N2) : N(O2) : N(Ar) = 7812 : 2095 : 93 orresponded to theearth's atmosphere omposition. Liquid and vapor were distinguished aording to a Stillingerriterion [341℄, i.e. moleules separated by distanes of their enters of mass below Rℓ = 5.08 Åwere onsidered as part of the liquid, and droplets were determined as bionneted omponents.The evaluation of the theoretial preditions relies on knowledge about the hemial poten-tial di�erene between the saturated and the supersaturated state. This was obtained for purearbon dioxide by Gibbs-Duhem integration over the metastable extension of the isotherms inthe p-ρ diagram, while the arrier gas in�uene was evaluated by assuming ideal gas properties72



3.2 Carrier gas pressure e�et

Figure 3.8: Pure CO2 nuleation rate J aording to CNT (solid lines) and CNT∆µ (dashedlines) in omparison to the YM droplet formation rate for threshold sizes of ℓ = (△) 50, (◦)
75, and 250 (•) moleules from anonial ensemble MD simulation over the supersaturationratio with respet to density Sρ = ρ/ρ′′(T ) at temperatures of T = 228.4, 250.2, and 269 K.For the simulations at 269 K, the Kible [354℄ luster riterion was used.for air as well as ideal mixing behavior, i.e.

p = (1− y)ρT + P, (3.16)where P is the pressure of the pure nuleating omponent at the same partial density. The dataunderlying to Gibbs-Duhem integration were determined by anonial ensemble MD simulationof small systems (N ≈ 10 000) and the results were interpolated by loal �ts to ubi polyno-mials. From these simulations, the spinodal value Sρ# of the supersaturation with respet todensity was determined to be in the range 4.3 ≤ Sρ
# ≤ 5.1 at 228.4 K, 3.6 ≤ Sρ

# ≤ 4.3 at
238.4 K, and 3.0 ≤ Sρ

# ≤ 3.6 at 250.2 K for pure arbon dioxide.At these temperatures (and also at T = 269 K), anonial ensemble MD simulationsfor CO2 nuleation were onduted with CO2 mole frations of y = 1/3, 1/2, and 1 atsupersaturation ratios below the spinodal value Sρ#, but still high enough to obtain statistiallyreliable droplet formation rates in a nanosopi volume on the timesale of a few nanoseonds.Droplet formation rates Jℓ for pure arbon dioxide are shown in Fig. 3.8. They reproduethe typial tendenies that were already observed by Yasuoka and Matsumoto [255, 321℄ anddisussed above, namely elevated formation rates for small droplet sizes and depletion e�etsin�uening the formation of the largest droplets, f. Fig. 3.9. It an be observed that while bothvariants of CNT predit the value of J in the spinodal limit to inrease with temperature, mainlybeause T ours in the denominator of the exponential in the Arrhenius term of Eq. (2.31),the simulation results do not exhibit any signi�ant temperature dependene for the attainablevalue of J . In the spinodal limit, the nuleation rate appears to be about J(Sρ#, T ) ≈ 1033m−3s−1 over the whole temperature range.Table 3.4 and Fig. 3.10 indiate the theoretial preditions and the simulation results for thearrier gas e�et on CO2 nuleation. The pressure e�et aording to CNT is most signi�ant73



3 Diret simulation of nuleation

Figure 3.9: Number of droplets ontaining more than ℓ = 14, 25, 50, 85, 150, and 300moleules over time from anonial ensemble MD simulation of pure CO2 at T = 228.4 K with
Sρ = 3.42 for a system ontaining 300 000 moleules.at high temperatures, beause this orresponds to a lower density of the liquid and also beause
∆µ is smaller, so that the relative deviation between ∆µe and ∆µ is inreased.As usual, Jℓ dereases when larger values of the threshold size ℓ are regarded, but it wasalso found that this e�et is learly stronger when more air is present in the system. This maybe a onsequene of the larger value of ı⋆ whih is in turn aused by the smaller value of thee�etive hemial potential di�erene as y is dereased. Thus, for relatively small thresholdsizes, the ommittor funtion Q(ℓ) is signi�antly smaller, f. Eq. (3.10), whih inreases thedroplet formation rate aording to Eq. (3.11).The overall arrier gas e�et determined from MD simulation qualitatively on�rms thetheory outlined by Wedekind et al. [254℄. A tendeny of J to derease when more air isintrodued an be deteted in all ases for ℓ → ∞. However, the extent of this e�et issigni�antly more limited than predited by CNT, partiularly at high temperatures. This ispartly due to the fat that at high densities, air annot be reliably desribed by the ideal gasequation. The non-ideality leads to a lower total pressure and thereby redues the magnitude ofthe pressure e�et to a ertain extent, f. Fig. 3.11, in ase of high supersaturation ratios. Butpredominantly, the deviation has to be attributed to a quantitative inauray of the lassialapproah with respet to the present system.
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3.2 Carrier gas pressure e�et
T ρ/ρ′′ y ℓ Jℓ ı⋆ W J/QCNT

238.4 2.80 1/2 50 1.5 · 1033 66 0.03 2.6 · 1031
85 1.6 · 1032 3.3 · 1030

1 50 5.6 · 1032 41 1 9.9 · 1031
85 2.1 · 1032 7.6 · 1031

3.08 1/2 50 5.5 · 1033 65 0.02 3.1 · 1031
150 3.1 · 1032 3.9 · 1030

1 50 6.3 · 1033 39 1 1.6 · 1032
150 2.9 · 1032 1.3 · 1032

3.36 1/3 � ≪ 1031 127 4.2 · 10−6 1.1 · 1027
1/2 50 1.1 · 1034 65 0.02 8.7 · 1030

300 3.2 · 1032 4.2 · 1030
1 50 6.7 · 1033 37 1 2.1 · 1032

300 1.4 · 1033 1.8 · 1032
250.2 2.34 1/2 50 1.1 · 1034 140 1.9 · 10−4 1.8 · 1033

100 1.1 · 1033 7.8 · 1029
1 50 1.3 · 1033 54 1 3.9 · 1032

100 3.4 · 1032 1.4 · 1032
2.53 1/2 85 7.4 · 1033 143 1.0 · 10−4 3.9 · 1030

200 7.4 · 1032 3.1 · 1028
1 85 2.2 · 1033 52 1 1.9 · 1032

200 7.7 · 1032 1.9 · 1032
2.72 1/3 � ≪ 1031 879 4.3 · 10−25 2.3 · 108

1/2 75 1.3 · 1034 150 4.2 · 10−5 1.8 · 1031
250 1.6 · 1033 1.7 · 1028

1 75 4.8 · 1033 50 1 2.6 · 1032
250 1.4 · 1033 2.5 · 1032Table 3.4: Droplet formation rate from YM anonial ensemble MD simulation as well asritial droplet size (in moleules), Wedekind fator W, and the CNT predition for the dropletformation rate Jℓ/Q (ℓ), in dependene of temperature (in units of K), supersaturation andmole fration of CO2 in the vapor as well as the YM threshold size ℓ (in moleules). The ratesare given in units of m−3s−1. Where no nuleation was observed during simulation, no value of

ℓ is listed and J aording to CNT is shown instead of J/Q.
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3 Diret simulation of nuleation

Figure 3.10: Nuleation rate JCNT aording to CNT with the pressure e�et at T = 228.4 Kand ρ(CO2)/ρ
′′(CO2) = 3.42 (solid line) as well as T = 250.2 K and ρ(CO2)/ρ

′′(CO2) = 2.34(dashed line), in omparison with the droplet formation rate Jℓ from MD simulation for ℓ =
50 (△), 100 (�), and 150 (◦), whereby full symbols orrespond to T = 228.4 K and emptysymbols to 250.2 K, plotted over the ratio between air and CO2 moleules in the system, i.e.over y− − 1. It should be noted that at T = 250.2 K (and at 228.4 K regarding droplets withmore than 150 moleules) no formation rate ould be determined for y− − 1 = 2, implyingthat the value must be smaller than 1029 m−3s−1.

Figure 3.11: Pressure over CO2 density from anonial ensemble MD simulation of smallhomogeneous systems at T = 228.4 (▽) and 250.2 K (△) in omparison with the metastablesetion of the vapor pressure isotherm for pure CO2 (solid lines) � orrelated to the simulationresults � inreased by an ideal arrier gas ontribution, f. Eq. (3.16), for CO2 molar frations
y = 1/2 (dashed lines) and 1/3 (dotted line).76



4 ConlusionFrom the preeding analysis of homogeneous nuleation and vapor-liquid interfaes it an beonluded that CNT is able to apture both the nuleation rate and the ritial droplet sizeof non-polar �uids, represented by the LJ·TS model. This requires a Farkas [172℄ prefatorof C = 200, f. Eq. (2.24), as well as taking the Zel'dovi£ [264℄ fator, the thermal non-aommodation orretion of Feder et al. [261℄, and the pressure e�et on the free energy ofdroplet formation into aount, f. Eq. (2.31).The main ritiism usually made of CNT is that it applies the apillarity approximationto small droplets where signi�ant urvature e�ets an be expeted and have for ertainsystems even been proven by moleular simulation [85, 87, 355�358℄. While CNT is based onthe assumption γ = γ∞, the deviation from apillarity is still onsidered for J by the prefator
C > 1 whih empirially aounts for the overall perturbation e�et. This orresponds to statingthat the apillarity approximation overestimates the free energy barrier ∆A⋆ by an amount of
T ln C.Aording to the CNT expression for ∂A/∂ı given by Eq. (2.49), the ritial droplet isharaterized by the ondition

2γ⋆

Rγ
⋆ρ⋆ı

− (µ− µ⋆)− 2γ⋆

RL
⋆ρ⋆ı

= 0. (4.1)Sine the surfae of tension radius Rγ and the Laplae radius RL are equal, f. Eq. (2.51), onlythe immediate equilibrium ondition remains, i.e.
µ = µ⋆. (4.2)No partiular assumptions are made for the hemial potential of the supersaturated vapor µwhih an be related to its other thermophysial properties aording to an EOS or by moleularsimulation. However, the hemial potential µ⋆ inside the ritial droplet is given by Eq. (2.18)whih relies on the pressure di�erene from the Laplae equation using the surfae tension ofthe planar interfae.As demonstrated by anonial ensemble MD simulation of single droplets, the Tolmanlength is positive over the whole range of vapor-droplet equilibrium on�gurations and beomeslarger for smaller droplets. This implies that the adsorption radius Rρ of a droplet in equilibriumdoes not approah zero, sine Rρ is always greater than δ. Hene, only droplets exeeding aertain minimal size an be desribed by the approah based on formal e�etive dividing surfaesas introdued by Gibbs and applied by Tolman [174, 187℄.The limit Rγ → 0 is also problemati, beause the Laplae equation requires that thepressure inside the droplet goes to in�nity. The hemial potential inreases as well until itexeeds the hemial potential µ# of the vapor at the spinodal line. At this point, the entireapproah behind that desription breaks down, beause a vapor beyond the spinodal, whihould be in equilibrium with suh a droplet, does not exist. For these extremely small droplets,no equilibrium radial pro�les an be obtained for the density and for the normal or tangential77



4 Conlusionpressure, beause they an never be in a stable or unstable equilibrium with a vapor phase. Forthe same reason, the Laplae equation, whih is based on the mehanial equilibrium ondition,does not apply either.Sine δ inreases with droplet urvature, the Tolman length beomes the dominant ontri-bution to the adsorption radius Rρ = Rγ + δ of extremely small droplets, whih goes through aminimum and diverges for Rγ → 0, f. Fig. 4.1. If this is extrapolated to extremely small radiiaording to the �rst-order urvature expansion given by Eq. (2.72), a droplet stability limit isobtained for the Tolman model, i.e.
Rγ

#(T ) = 0.3317

(

1− T

Tc

)−1.05

σ, (4.3)
Rρ

#(T ) = 2Rγ
#(T ) + δ∞(T ). (4.4)in ase of the LJ·TS �uid, whih is probably related to the ritial droplet size at the spinodalsupersaturation Sµ#.

Figure 4.1: Adsorption radius Rρ over surfae of tension radius Rγ for droplets of the LJ·TS�uid at temperatures of 0.7, 0.8, 0.9, and 1 ε aording to the �rst-order urvature expansionof the Tolman length (dashed lines), f. Eq. (2.72), and determined by anonial ensembleequilibrium MD simulation, (•) from the present work and (▽) from an earlier study [85℄. Thedroplet stability limit (solid line) is based on the �rst-order urvature expansion, f. Eq. (4.4),and is shown together with its extension (dotted line) below the triple point temperature T3
≈ 0.65 ε. The dashed-dotted line orresponds to δ = 0, i.e. equal surfae of tension andadsorption radii.Both limits desribe the transition to instability, and the smallest droplet whih an bestabilized has to be in equilibrium with the most dense metastable vapor state, i.e. the super-saturated vapor on the spinodal line. Furthermore, the droplet stability limit for the Tolmanmodel and the CNT value for the ritial droplet size on the spinodal line are of the same orderof magnitude and exhibit the same tendeny with respet to temperature variations.Many problems and inherent ontraditions demonstrate that CNT and, generally, all the-ories that rely on a stationary and spherial e�etive dividing surfae, as disussed by Gibbs,78



are not entirely satisfatory on the moleular level. Even for simple �uids where nuleation anbe reprodued and observed in all its details by moleular simulation, fundamental issues thusremain to be solved, e.g.
• how to haraterize droplets on the length sale where the Gibbs approah beomesinappliable, and
• based on a thermodynami understanding of droplets on the moleular length sale, howto formulate a onsistent treatment of nuleation kinetis.The present work does not pretend to settle these questions. Instead, the following questionsare raised as a point of departure for future projets:A) What is the rate of evaporation E for a nanosopi droplet?B) Is it su�iently aurate to use expressions based on the droplet size ı as an approximationfor the reation oordinate Q of vapor to liquid nuleation? If that is not the ase, whatwould be a more suitable order parameter?C) Can an aggregated kineti model, relying on a relatively small set of adequately hosenorder parameters, reprodue the details of nuleation proesses as determined by diret MDsimulation?
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