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ABSTRACT 

Homogeneous nucleation processes are characterized by the nucleation rate and the critical droplet size. Molecular 

dynamics (MD) simulation is applied for studying homogeneous nucleation during condensation of supersaturated 

vapors of methane and ethane. The results are compared to the classical nucleation theory (CNT) and the Laaksonen-

Ford-Kulmala (LFK) model that introduces a size dependence of the specific surface energy. It is shown for the 

nucleation rate that the Yasuoka-Matsumoto method and the mean first passage time (MFPT) method lead to 

considerably differing results. Even more significant deviations are found between two other approaches to the critical 

droplet size, based on the maximum of the Gibbs free energy of droplet formation (Yasuoka-Matsumoto) and the 

supersaturation dependence of the nucleation rate (nucleation theorem). CNT is found to agree reasonably well with 

the simulation results, whereas LFK leads to large deviations at high temperatures. 



Vrabec et al. 2 HT-08-1152 (Research Paper) 

Keywords: phase transition, nucleation, molecular dynamics 

INTRODUCTION 

Nucleation processes in vapors at very high supersaturations, i.e. in the vicinity of the spinodal, cannot be studied 

with experimental methods, because they are very fast, exhibiting rates that exceed the range accessible to 

measurement. Homogeneous nucleation supposes the absence not only of microscopic particles, but also of confining 

walls, a condition that is hard to approximate in experiments. 

However, understanding homogeneous nucleation is required to develop an accurate theoretical approach to 

nucleation that extends to more complex and technically more relevant heterogeneous systems [1, 2, 3]. MD 

simulations can well be used to investigate the condensation of homogeneous vapors at high supersaturations. 

The nucleation rate J is influenced to a large extent by the surface energy of emerging droplets which also 

determines how many droplets are formed and from which size on they become stable. The accuracy of different 

theoretical expressions for the surface energy can be assessed by comparison to MD simulation results. 

NUCLEATION THEORY 

CNT was developed by Volmer and Weber [4] in the 1920s and further extended by many contributions during 

the following decades [5]. It is founded on the capillarity approximation: droplets emerging during nucleation are 

assumed to have the same thermodynamic properties as the saturated bulk liquid. In particular, the specific surface 

energy ε of the emerging nano-scaled droplets is assumed to be the surface tension γ0 of the planar phase boundary in 

equilibrium. Laaksonen, Ford, and Kulmala [6] proposed a surface energy coefficient κ(ι) that depends on the number 

ι of molecules in the droplet, such that ε = κ(ι)γ0 with 

1 3 2 3
1 2( ) 1 ( ) ( )T Tκ ι α ι α ι− −= + + .                                                             (1) 

Tanaka et al. [7] found that this expression leads to nucleation rates which agree with their simulation results.  

It was shown both theoretically [8, 9] and by simulation [10, 11] that the surface tension acting in the curved 

interface of nano-scaled droplets is actually lower than in a planar interface. Figure 1 shows plots of the surface energy 

coefficient κ(ι) for methane and ethane at different temperatures. At low temperatures, LFK does indeed yield lower 
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specific surface energies for ι → 0. However, at high temperatures of about 0.9 Tc, LFK assumes that small droplets 

have a significantly higher specific surface energy than the planar interface, cf. Fig. 1. 

The Gibbs free energy of droplet formation 

d 1lnBG A V k T S Gµε ρ∆ = − − ,                                                            (2) 

with respect to the Gibbs free energy G1 of a single-molecule “droplet,” is composed of the positive surface 

contribution as discussed above, where the surface area is given by A, and a negative contribution of the volume V, 

where ρd is the density of the droplet and Sµ is the supersaturation of the vapor in terms of the chemical potential [4, 

5]. The relation between droplet size ι, surface area A, and volume V is given by assuming that all droplets are exactly 

spherical and have the same density ρd as the saturated bulk liquid. 

The number N of small droplets with a Gibbs free energy of formation ∆G in metastable equilibrium with a 

supersaturated vapor consisting of N1 molecules is given by [4] 

( )1 BexpN N G k T= −∆ .                                                                   (3) 

For relatively large droplets, however, the steady state distribution that is established in the initial nucleation stage of a 

condensation process is dominated by non-equilibrium phenomena. The steady state probability P(ι)  for a droplet to 

contain ι molecules can be related to the corresponding equilibrium probability P0(ι) by 

0
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= −  ∫ ,                                                               (4) 

as determined by Yasuoka and Matsumoto [12]. Therein, B(ι) is proportional to the frequency of size changes for a 

droplet containing ι molecules.  

The critical droplet size ι* is the number of molecules in a droplet for which the Gibbs free energy of formation 

assumes its maximal value ∆G* [4, 13]. The height of this energy barrier is the most influential parameter on the 

nucleation rate [5] 

( )* * v 1
1 BexpJ N G k T A p h Zλ −= −∆ Θ ,                                                            (5) 
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according to CNT, where A* is the surface area of a critical droplet, pv is the pressure of the supersaturated vapor, λ is 

the thermal wavelength, Z is the Zel’dovich factor, and Θ is the non-isothermal factor. 

SIMULATION METHOD 

Both the critical droplet size [14, 15] and the nucleation rate [7, 12, 14, 16, 17, 18] can be determined by 

molecular simulation. After an initial period of equilibration, the steady state distribution of droplets is established. 

The equilibrium distribution can then be obtained by Eq. (4) which transforms to 

0
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( ) exp ( )
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ι ιι ι
ι ι

 
=   ∫ ,                                                              (6) 

according to Yasuoka and Matsumoto [12]. This translates to values for ∆G, cf. Eq. (3), from which ∆G* and ι* can be 

determined [14]. An approximation for the critical droplet size is also given by the “nucleation theorem” [19] 

* ln
1

ln
T

J

Sµ

ι
 ∂≈ −  ∂  .                                                                        (7) 

Both of these methods for calculating ι* require data on the nucleation rate J, i.e. the number of macroscopic droplets 

emerging per volume and time in a steady state at constant supersaturation. From an MD simulation of a 

supersaturated vapor, this rate can straightforwardly be extracted by counting the droplets that exceed a certain 

threshold size. This method was proposed by Yasuoka and Matsumoto [12] who found that as long as this threshold is 

significantly higher than the critical droplet size, its precise choice hardly affects the observed value of J. 

Alternatively, the nucleation rate can also be estimated by fitting data on the mean first passage time, i.e. the 

temporal delay required for the first droplet of a given size to appear, to a predefined kinetic model [16]. 

To adequately evaluate these theories, it is furthermore necessary to determine the supersaturation in terms of the 

chemical potential 
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based on an integral between the saturated vapor pressure ps and the supersaturated pressure pv along the isotherm of 

the metastable vapor, where ρ is the density of the vapor. That integral can in principle be evaluated by extrapolating 

from the stable to the metastable regime. However, it is both more reliable and more consistent to interpolate between 

MD results for the density dependence of the supersaturated vapor pressure [20, 21]. An extended series of simulations 

including metastable states was recently carried out by Baidakov et al. [22] for the Lennard-Jones (LJ) fluid. 

The present study of methane and ethane is based on MD simulation of supersaturated vapors. Methane was 

modeled as a simple LJ fluid with the size parameter σLJ = 3.7281 Å and the energy parameter εLJ / kB = 148.55 K. For 

ethane, a rigid two-center LJ fluid model was used: both LJ centers had the parameters σLJ = 3.4896 Å and εLJ / kB = 

136.99 K with a distance of 2.3762 Å between them and a point quadrupole with a moment Q = 0.8277 DÅ in the 

center of mass. These models were presented in previous work [23] and shown to reproduce data on the vapor pressure 

with an error of 3% or less, while for other key properties of systems with vapor-liquid coexistence, such as the 

saturated liquid density and the enthalpy of vaporization, the deviations are even lower. 

Since simulated inhomogeneous systems are particularly affected by the choice of the cutoff radius [24, 25], 

comparatively large values were specified in the present work: the cutoff radius was at least 1.75 nm for methane and 

1.85 nm for ethane. All present MD simulations contained more than 100,000 molecules, which minimizes the 

influence of finite-size effects [16]. The simulations were conducted in the canonical ensemble, with constant number 

of molecules, volume, and temperature. 

Based on these simulations, the critical droplet size was determined from ∆G maxima as well as the “nucleation 

theorem.” The required nucleation rates, published separately [17], were obtained according to the Yasuoka-

Matsumoto method [12] with sufficiently large threshold sizes. Additionally, a system below the triple point was 

simulated to compare a published nucleation rate based on the MFPT method [16] with the corresponding result of the 

Yasuoka-Matsumoto method. 
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SIMULATION RESULTS  

Confirming the applicability of the Yasuoka-Matsumoto approach to the nucleation rate, Fig. 2 shows that larger 

droplets are formed at lower rates, but these rates are all within one order of magnitude [17]. This difference is 

negligible compared to the deviations observed for the theoretical predictions. Moreover, the pressure decreases over 

simulation time as more and larger droplets are formed and the vapor is depleted, which explains the lower rates 

observed at a later stage of the nucleation process.  

Wedekind et al. [16] simulated supersaturated vapors of the LJ fluid – interpreted, in their case, as a model for 

argon – and determined nucleation rates according to the MFPT method. Converted to values for methane, the MFPT 

nucleation rate is 1031 m-3s-1 at 63.6 K and 0.1391 mol/l. In a present MD simulation with 1.26 million molecules at 

the same conditions, the rate of formation for droplets exceeding a size of ten molecules was found to be 6·1030 m-3s-1. 

Data on larger droplets were insufficient to determine a nucleation rate. However, J must be even lower than that, 

because extremely small droplets are formed at higher rates than macroscopic ones [12]. Hence, the MFPT method 

overestimates the nucleation rate in this case by at least a factor two. This confirms results of Römer and Kraska [18] 

who observed a deviation of a factor of ten between the MFPT and Yasuoka-Matsumoto approach. 

Plots of the Gibbs free energy of droplet formation for ethane at 280 K and different supersaturations are shown 

in Fig. 3. A maximum is clearly visible, if the equilibrium distribution is taken as a basis. For comparison, values 

estimated directly from the steady state, i.e. by assuming P(ι) = P0(ι) instead of Eq. (6), are indicated as well. These 

plots do not exhibit a maximum and, as expected, the steady state begins to diverge significantly from the equilibrium 

distribution only near the critical droplet size. The simulation results also show that both CNT and LFK are 

qualitatively correct in these cases. However, CNT underestimates ∆G while LFK overestimates it. Moreover, in both 

cases it is clearly visible that LFK is a good approximation for the smallest droplets that contain 20 or less molecules.      

The nucleation rates from MD simulation confirm CNT, deviations are throughout lower than three orders of 

magnitude. The LFK model provides a better approach to systems at lower temperatures (Fig. 4), whereas near the 

critical point it leads to considerable deviations (Fig. 5). 
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Values of the critical droplet size obtained from ∆G maxima and the “nucleation theorem” are compared in Fig. 

6. The results from both approaches deviate from each other roughly by a factor of two and the ∆G maxima agree 

particularly well with the LFK model. 

CONCLUSION 

The nucleation rate and the critical droplet size were studied for methane and ethane by MD simulation of 

supersaturated vapors. Different approaches for evaluating these simulations were compared with each other as well as 

with CNT and the LFK model.  

Deviations in the order of a factor two were found both for the MFPT approach to the nucleation rate and for the 

estimate of the critical droplet size based on the “nucleation theorem” – with respect to the corresponding methods 

proposed by Yasuoka and Matsumoto [12]. It is safe to assume that both MFPT, which is based on a kinetic model with 

only three free parameters, and the “nucleation theorem,” which neglects all influences on the nucleation rate except 

that of ∆G*, are less accurate than their counterparts. A factor two is hardly relevant for practical purposes if it is 

applied to the nucleation rate, but in case of the critical droplet size such a deviation leads to qualitative errors. This is 

due to the fact that ι* is roughly proportional to ∆G* which carries exponential weight in Eqs. (3) and (5) and similar 

expressions [4]. 

A particularly significant deviation was found between the nucleation rate from simulation and the LFK model at 

high temperatures. This may be due to the surface energy term of the LFK model which assumes an unphysical 

increase of the specific surface energy for small droplets at high temperatures; as Tolman [8] showed, the surface 

tension (∂G/∂A)p,T converges to zero for A → 0. In particular, LFK overestimates ∆G* at high temperatures and high 

supersaturations (conditions with 50 < ι* < 500) which leads to the low predictions of J shown in Fig. 5. 

However, for the Gibbs free energy of formation of extremely small droplets (ι < 25), consisting of a few 

molecules only, the LFK model was found to be a good approximation even at high temperatures, although it assumes 

an unphysically high specific surface energy under these conditions.  

This result can be explained by taking two phenomena into account: 1) All droplets are supposed to be exactly 

spherical, whereas the average area to volume ratio may actually be significantly increased for nano-scale droplets. 
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Considering this, one obtains a higher surface energy, even for lower surface tensions. 2) According to the capillarity 

approximation, the pressure inside a droplet is assumed to be the saturated vapor pressure ps. On the other hand, the 

pressure is significantly increased due to the surface tension, which decreases the (negative) volume contribution to 

∆G. This effect leads to a larger Gibbs free energy of droplet formation even if no additional surface effects are 

considered. 
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NOMENCLATURE 

A surface area 
B intensity of droplet size fluctuations 
G Gibbs free energy 
G1 Gibbs free energy of a single-molecule droplet 
J nucleation rate  
N number of droplets 
N1 number of vapor molecules 
P steady state probability 
P0 equilibrium probability 
Q quadrupole moment 
Sµ supersaturation (with respect to the chemical potential) 
T temperature 
Tc critical temperature  
V volume 
Z Zel’dovich factor 
h Planck constant 
kB Boltzmann constant 
p pressure 
ps saturated vapor pressure 
pv supersaturated vapor pressure 
Θ non-isothermal factor 
α1 and α2 parameters of the LFK model 
γ surface tension  
γ0 tension of the planar phase boundary 
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ε specific surface energy (with respect to the surface area) 
εLJ energy parameter of the Lennard-Jones potential 
ι number of molecules in a droplet 
κ LFK surface energy coefficient 
λ thermal wavelength 
ρ density 
ρd density of a droplet 
σLJ size parameter of the Lennard-Jones potential 
superscript * properties of a critical droplet 
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Fig. 1 Dependence of the LFK surface energy coeffic ient κ(ι)κ(ι)κ(ι)κ(ι) for methane (—) and ethane (- - -) on the 

droplet size ιιιι  
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Fig. 2 Number of droplets containing at least 25, 1 00, …, 1000 molecules over simulation time [17]. 

Methane was regarded at 130 K and 1.606 mol/l in a volume of (63.7 nm) 3 



Vrabec et al. 14 HT-08-1152 (Research Paper) 

 

Fig. 3 Dependence of the Gibbs free energy of dropl et formation on the droplet size for ethane at 280 K and 

two different densities, calculated from the metast able equilibrium ( ÷ ) and the steady state 

distribution ( o ) as well as CNT (—) and LFK (- - - ) 
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Fig. 4 Nucleation rates of methane and ethane at lo w temperatures from simulation [17] determined 

according to the Yasuoka-Matsumoto method with diff erent threshold sizes ( ÷ ) as well as CNT (—) 

and LFK (- - -)  
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Fig. 5 Nucleation rates of methane and ethane at hi gh temperatures (0.89 and 0.92 Tc) from simulation [17] 

according to the Yasuoka-Matsumoto method with diff erent threshold sizes ( ÷ ) as well as CNT (—) 

and LFK (- - -)   
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Fig. 6 Critical droplet size for methane and ethane  from maxima of the Gibbs free energy of droplet 

formation ( ÷ ) and the supersaturation dependence of the nuclea tion rate ( o ) as well as CNT (—) 

and LFK (- - -) 
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