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Operators and truth tables: Summary

Negation (-) Conjunction (A)

Disjunction (V)

P q PVQqg pAg
False False False False
False True True False
True False True False
True True True True
“true . . .
P tautolf).glcal oS opposite 5
(unfalsifiable)
is also
v is opposite of
e for Satisfiable < PP
some”
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Implication (-)
Equivalence («)

pP—q pP<q
True True
True False
False False
True True
. “false
contradictory Mt

(unsatisfiable)

is also

» falsifiable “fsse for

some”
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Operators and truth tables: Summary

The negation of a satisfiable statement is falsifiable, and vice versa.

The negation of a tautology is a contradiction, and vice versa.

p

False
False
True
True

CO2412

q

False
True
False
True

‘true " tautological -
(unfalsifiable)

for all”

is also

we for Satisfiable

some”

pAq

False
False
False
True

=(p A Q) pAqA-(pAq) ~(pAgA-(pAQq))
True False True
True False True
True False True
False False True

is opposite of

is opposite of
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(unsatisfiable)

is also
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Operators and truth tables: Examples

Examples 1 & 2: Are the statements satisfiable/falsifiable? Provide truth tables.

1) S, =(pV—g)A(-pVQg)A(pVqg)

P q pVTq pVvVQqg pPVvq
False False True True False
False True True True True
True False True False True
True True False True True

Observation: This statement is in full CNF. Each clause makes one entry False.

2) S, ==(=(p—=qg)-p)

P q p—q
False False True
False True True
True False False
True True True

C0O2412 8t February 2022 5
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Operators and truth tables: Examples

Examples 1 & 2: Are the statements satisfiable/falsifiable? Provide truth tables.

1) S,=(pV-qg)A(-pVg)A(pVaqg) Answer:S is satisfiable and falsifiable.

p

False
False
True
True

q

False

True

False

True

Tp Vg pVq pVvqg S,

True True False False
True True True True
True False True False
False True True False

We also say: S, is contingent, i.e., it is not tautological and not contradictory.

2) S, ==(=(p—=qg)-p)

p

False
False
True
True

CO2412

q

False
True
False
True

Observation: We evaluate logical

p=q implication (—) as follows. If the left
True hand side becomes False, itis True. If
-II:-;TSee the right hand side becomes True, it is
True also True. Otherwise it is False.

8t February 2022 6



Operators and truth tables: Examples
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Examples 1 & 2: Are the statements satisfiable/falsifiable? Provide truth tables.

1) S,=(pV-qg)A(-pVg)A(pVaqg) Answer:S is satisfiable and falsifiable.

p

False
False
True
True

q

False

True

False

True

pVTq pVvVQqg
True True
True True
True False
False True

S

1

False
True

False
False

We also say: S, is contingent, i.e., it is not tautological and not contradictory.

2) S,=-(~(p = q)—p). S,is unsatisfiable (contradictory); it is falsifiable.

p

False
False
True
True

CO2412

q

False
True
False
True

p—>q ~(p—q)

True
True
False
True

False
False
True

False

8t February 2022

“(p—->qg)—p

True
True
True
True

S

2

False
False
False
False
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Operators and truth tables: Discussion

How about the following statement?

pVvVgqgyVi(r=s)Vv q

Look at the statement and classify it. Is it satisfiable? Is it falsifiable?

What sort of valuation might satisfy the statement (make it True)?
What sort of valuation might falsify the statement (make it False)?

Don't try to build the whole truth table as there are 24 = 16 possible valuations
for the four atomic statements p, g, r, and s that occur in the statement.

C0O2412 8t February 2022 8



Al

i
Operators and truth tables: Examples

Examples 3: Are the statements satisfiable/falsifiable?
Answer without computing the whole truth table, and justify the answer.

a) S, = p V(@ AN (res)=(s=-p) N (ges).

3a

b) S, = (pe —~g) AN (ge r) A (re p)

3b

c) S, = p,2p, 2P, =P, (p, =P 2P, 2P, = p))).

C0O2412 8t February 2022 9
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Operators and truth tables: Examples

Examples 3: Are the statements satisfiable/falsifiable?

Answer without computing the whole truth table, and justify the answer.

a)

b)

S. = p VvV (g A A ).

3a
Statement S,_is True if p is True. Itis False if p and g are both False.
Statement S__is therefore contingent (both satisfiable and falsifiable).
S3b = (p e 7q) AN (ge r) AN (re p)

For statement S, to be True, p must have the same truth value as =g, which must be
that of r, which must be that of =p. That is impossible. S, is therefore unsatisfiable.

S.. = p, 2>, 2P, 2P, 2P, = (. = (p, = (p, = pJ.

It is easy to satisfy S, : Set p, to False, and S, becomes True.

For S,_to become False, working inward, we find that Py Py Py --- P, Must be True,
while p, must be False. Since p, cannot be both True and False, S,_is tautological.

C0O2412 8t February 2022 10
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Syntactic transformations: Summary

Every statement has its unique, well-defined semantics: Its truth table.

But the obverse is not true. There are many formulas for the same truth table.
Statements with the same truth table are called semantically equivalent.

Notation: R=S ("R and S are semantically equivalent”)

Syntactic equivalence rules (i.e., rules based on the statement structure) include:

Obvious equivalences SvS=SAS=--S=S5 RAS =SAR,
Sv-aS =SV True = True, SA-S = SAFalse = False, —True = False
Associative laws Distributive laws De Morgan'’s laws

Rv (Svl) = (RvS)Vv T, RA(SvT) = (RAS)V (RAT), —=(RvS) = -RA-S
RA(SAT) = (RAS)AT, RV (SAT) = (RVS)A(RVT), —(RAS) = -RvV-S

Definition of implication and equivalence
R->S=-RvS=-(RA~NS), ReS=R-2S)ANS->R)=(RANS)V (=R A S)

C0O2412 8t February 2022 12
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Syntactic transformations: Summary

Literals: Atomic statements p, g, ..., and their negations =p, 7q, ...
De Morgan’s laws can be used to push negations further inside a composite
statement, eventually producing a form where negations occur in literals only.

(S, VS, VS5, V..)= S5 A5, A5, A .
(S, AS,AS,A...) = S5, VS, VS, VoL

Obvious equivalences SvS=SAS=--S=S5 RAS =SAR,
Sv-aS =SV True = True, SA-S = SAFalse = False, —True = False
Associative laws Distributive laws De Morgan'’s laws

Rv (SvT) = (RvS) v T, RA(SVT) = (RAS)V (RAT), —~(RvS)= -RA-S
RA(SAT) = (RAS) AT, RV (SAT) = (RVS)A(RVT), —~(RAS) = -RV S

Definition of implication and equivalence
R->S=-RvS=-(RA~NS), ReS=R-2S)ANS->R)=(RANS)V (=R A S)

C0O2412 8t February 2022 13
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Syntactic transformations: Examples

Example 4: a) Transform the statement S, = (p A g) = (g © r) into a semantically

equivalent form where only the negation, disjunction, and conjunction
operators are used; negations should only occur within literals.

b) Simplify the statement as far as possible. ¢) Transform =S, in the same way.

S, = —(pAqg)V (ger)
= -p V g VI(QAr)V (0gA-r)

Observation: This is a statement in DNF.
Note that it is not in full DNF. De Morgan'’s laws

-(RvS) = -RA-S
-(RAS) = =RV S

Definition of implication and equivalence
R->S=-RVvS=-(RA-S), ReS=(R->S)ANS>R)=(RANS)V (=R A S)

C0O2412 8t February 2022 14
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Syntactic transformations: Examples

Example 4: a) Transform the statement S, = (p A g) = (g © r) into a semantically

equivalent form where only the negation, disjunction, and conjunction
operators are used; negations should only occur within literals.

b) Simplify the statement as far as possible. c) Transform =S, in the same way.

S, = —(pAqg)V (ger)
p Vg VI(QAr) VvV (=gA-r)

Rv (SAT) = (RVS) A (RVT)
p V (hkgVvg)A(ngVr) VvV (mgA-r) S =S = Trie

-p V (True A(mg Vr) VvV (g A ) SATrue = S
p V-gVrV(agA-r)

C0O2412 8t February 2022 15
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Syntactic transformations: Examples

Example 4: a) Transform the statement S, = (p A g) = (g © r) into a semantically

equivalent form where only the negation, disjunction, and conjunction

operators are used; negations should only occur within literals.

b) Simplify the statement as far as possible. c) Transform =S, in the same way.

S5, = ~lpAg)Vviger)
= -pV-gVI(Ar)Vv (-gA-r)
p Vv g Viq 9 RV (SAT) = (RVS) A (RVT)
= -p V(hgvqg)A(-gVvr) Vv (mgA-r) Sv S = True
= -—p V (TrueA(=gVvr)) VvV (g A -r) SATrue = S
= -pV-gVrV (agA-r)
= -pV gV ({(rvag)A(rv-r) = =pV-gV(rv-qg)ATrue)
= -ipV gV V —
= pVYmeg ¥ rAvTg SvS =S
= _Ipv_lqu

CO2412
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Syntactic transformations: Examples

Example 4: a) Transform the statement S, = (p A g) = (g © r) into a semantically

equivalent form where only the negation, disjunction, and conjunction
operators are used; negations should only occur within literals.

b) Simplify the statement as far as possible. ¢) Transform =S, in the same way.

-S = —|(—|pv—|qu)

S, = —(pAg)V(ger) 4
= -pV -gVI(GAr) V (=g A -r) N A
= pPpANgA-r
= -—p V((gvg)A(mgVr) Vv (mg A -r)
= -p V (TrueA(~gVr) Vv (—g A -r) De Morgan'’s laws
= -pV-gVrV (gA-r) -(RvS) = -RA =S
= -—ap V g V ((rv-og)A(rv n) “(RAS) = =RV =5

p V. -g V rV —qg

p V. og Vr

C0O2412 8t February 2022 17
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Syntactic transformations: Examples

Example 5: Transform S, =p, = (p, = (p, = (p, = (p, = (p: = (P, = (P, = P,))))))
into a semantically equivalent form where only the negation, disjunction, and
conjunction operators are used; negations should only occur within literals.

S;. = py = (p,=2p,2 (P2 (p, = (p. = (p, = (P, = p )
Py V (P, = (P, = (s = (P, = (ps = (P, = (P, = P)I))
Py V 7P, V (P, 2 (P, = (p, = (ps = (p, = (P, = p)))

P V TPy VTP, V TPy Vo op, VTP VTP, VTP, VP,

(5pg V P} V 7Py V 7p, V mpy Vomp, Vg Vomp, VT,
True vV (mp, V. 7p, V. 7p, V 7p, V. -p. V 7p, V 7p)

True

C0O2412 8t February 2022 18
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Entailment: Summary

The statement R entails the statement S if all valuations that fulfill R also fulfill S.
In other words: If R is True, we know that S is True as well.

A valuation for which a statement S becomes True is also called a model of S.

Semantic equivalence Entailment
R=S RES
(“The statements R and S are (“The premise R entails the conclusion §”)

semantically equivalent”)
All models of R are also models of S.

R and S have the same models: S may still be True where R is False, i.e.,
Their truth tables are the same. S may have more models than R.
The statement R < S is a tautology. The statement R = S is a tautology.

C0O2412 8t February 2022 20



Al

e naes
Entailment: Discussion

Statement R entails statement S,

RES, Every model of R

is also a model of S.

which is semantically equivalent to statement T,

Sand T have
the same models.

S =T.

Provide a justified answer to the following question:

Do we know enough to conclude that R = T?

C0O2412 8t February 2022 21
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Entailment: Discussion

Statement R entails statement S,

R E S,

which is a contradiction,

S = False.

We could also just have written: R = False.
Thatis, R entails the contradiction “False.”

What do we know about the truth table of R?

C0O2412 8t February 2022 22
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Normal forms: Summary

Valuation: Assignment of truth values to all the atomic statements. For n
atomic statements, there are 2" possible valuations. Each row of a truth table
corresponds to one valuation.

Literals: Atomic statements p, g, ..., and their negations =p, 7q, ...

Clauses: A conjunction (“and”) of literals, such as p A =g A —r, is a conjunctive
clause. A disjunction (“or”) of literals, such as =p vV g V r, is a disjunctive clause.

DNF:
— A statementis in DNF if it is a disjunction of conjunctive clauses.
— Itis in full DNF if all atomic statements appear in all conjunctive clauses.
— The full DNF version of a truth table has one clause per True valuation.

CNF:
— Astatementis in CNF if it is a conjunction of disjunctive clauses.
— ltis in full CNF if all atomic statements appear in all disjunctive clauses.

C0O2412 8t February 2022 23
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Normal forms: Summary

— A statementis in CNF if it is a conjunction of disjunctive clauses.

— Itisin full CNF if all atomic statements appear in all disjunctive clauses.
— The full CNF version of a truth table has one clause per False valuation.
— For a tautology, no False valuations exist; the full CNF is just “True.”

— Tautology in full CNF: True
— Contradiction in full CNF: (mpV-g)A(mpVg)A(pV—-g)A(pVQg)

— A statement is in DNF if it is a disjunction of conjunctive clauses.

— Itis in full DNF if all atomic statements appear in all conjunctive clauses.
— The full DNF version of a truth table has one clause per True valuation.
— For a contradiction, no True valuations exist; the full DNF is just “False.”

— Tautology in full DNF: (=p A g)V(pAQg)V(pA—-g)V(pAQg)
— Contradiction in full DNF: False

C0O2412 8t February 2022 24
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Normal forms: Example

Example 6: Transform S, =(-p V=g V) A(p V =g V =r) A (mp V =g V —r)
from full CNF to full DNF.

P q r (GFpv-qvrn (pv-qVv-r (fpV-qV-r S,

False False False True True True True
False False True True True True True
False True False True True True True
False True True True False True False
True False False True True True True
True False True True True True True
True True False False True True False
True True True True True False False

C0O2412 8t February 2022 25
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Normal forms: Example

Example 6: Transform S, =(-p V. =g V1) A(p V. =g V =r) A (mp V =g V —r)
from full CNF to full DNF.

P q r ((pv-gqvr) (pv-gqVv-r) (hpVvV-qVn-r S,

False False False True True True True
False False True True True True True
False True False True True True True
False True True True False True False
True False False True True True True
True False True True True True True
True True False False True True False
True True True True True False False

S, = ((pA-gA-r) V (7pA-gAr) V. (mp Ag A —r)

V. (pAN—gA-r) V. (pAN-gAr)

C0O2412 8t February 2022 26
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Entailment and inference: Summary

Entailment

Ry, R, ..ES

The statement (R, AR, A ...) >

("The premises R, R, ... entail the conclusion S")

All models of all premises are also models of S.
Where R, R, etc. are all True, S must also be True.

But S can have more True entries than R,AR A ...

S is a tautology.

R-S R E S
S->R, R E =S

R E True
False = S

CO2412

8t February 2022

We can determine
entailment semantically,
from truth tables.

We can also determine it

syntactically, using
inference rules.

RS E RAS

RvS -RvT E SvT

27
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Inference technique for CNF: Resolution

For premises expressed in conjunctive normal form (CNF), a simple and
powerful rule is available for deducing new disjunctive clauses: Resolution.

General algorithm:

* Start with given set of disjunctive clauses. | .
. . inference rule for resolution
* lteratively, as long as possible,
— find clauses with opposite literals; RvVvS -RVT &E SvT
— add the inferred clause (if new);

— if nothing new can be deduced, terminate.

Applied to literals L, L., ..., M, M., ... the inference rule for resolution becomes:

(pVL,VLV..)AN(EFPpVM VM V.)AN.. E (L,VLV..VM, VM V..

Resolution is a complete calculus for (un)satisfiability. It finds contradictions.

C0O2412 8t February 2022 28
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Inference by resolution: Example

in CNF, in CNF, in CNF,
“pVq -qVr P
Let us begin with the premises (p = q), (g = r), and p.

These premises entail r. How would this consequence be found by resolution?

p “pVq /
\\\\\ q < p Vr

aq Vr

Applied to literals L, L., ..., M, M., ... the inference rule for resolution becomes:

(pVL,VLV.)AN(EFPVM VM V.)AN... E (L,VLV..VM VM V..

Resolution is a complete calculus for (un)satisfiability. It finds contradictions.

C0O2412 8t February 2022 29



N
University of

\/

£y Central Lancashire
-“-
UCLan

CO2412
Computational Thinking

Logical operators & truth tables: Repetition
Syntactic transformations: Repetition
Entailment and normal forms: Repetition

Where opportunity creates success



